B nanmnoit KypcoBoit paboTe M3ydaioTcs BOIIPOCH IIpeodOpa3oBanuii guddepeHnuaib-
HOIi CHCTEMBI B CIydae CHHTYJISPHBIX IIYYKOB MATPHIL, 8 TaK:Ke HCCIeIYI0TCa OOIuX pe-

menuit quddepeHnuajibHONl CUCTEMBbI.

1 Bsenenmne.

Jlanbl gerbipe marpuibl A, B; Ay, By 04uHAKOBOrO pasmepa m X 1 ¢ JIeMeHTaMU U3 K-
ciooro nojisi K. Tpebyercs HaiiTh, Mpu KaKUX yCJOBHUSAX CYHIECTBYIOT JIBE€ KBaJIpATHBIE
HEBBIPOZK/IEHHBIE MATPHUIBI P 1 () COOTBETCBEHHO MOPSIIKOB M U N TAKHe, UYTO OJHOBPE-

MEHHO

PAQ = A;, PBQ =B (1)

Onpenenenne."[lyukavu marpurn" Oygem HaswsiBath A + AB u A; + A\B; tiie A —
KOMILJIEKCHBI ImapaMerp.
Takum obpaszoMm, BBOJs B paccMmorpenue mydku marpun, A + AB u A; + AB; aBa

MATPUIHBIX paBeHCTBA (1) MOXKHO 3aMEHUTH OJHUM DaBEHCTBOM
P(A+AB)Q = A, + \B, 2)

Omnpegenenne. /Ipa mydka npssMoyroiabHbix mMatpun, A + AB u A; + ABy ogHoro n
TOrO Ke pasMepa m X M, CBs3aHHble paBeHCTBOM (2), B KoropoM P u () — mocTosiHHbIe
(T.e. HE 3aBUCAT OT \)KBaJIPATHBIE HEBBIPOKIEHHBIE MATPHUIIBI COOTBETCBEHHO TOPS/IKOB
m u n, Mbl Oy/IeM Ha3bIBATH CMPO20 IKEUBAAEHTHBIMU.

Ecnu e marpunpsr P u ) 3aBucat or A\, o nyuku A + A\B u Ay + \B; Ha3bIBalOTCSA
IKGUBANEHITVHBLMU.

PaccmorpuM mydok JimHERHBIX omeparopoB A + AB orobpaxkatonux R"™ B R™. Ilpn
oIpeIeTEHHOM BBIOOpE 6A3MCOB B THX MPOCTPAHCBAX My4Ky omeparopoB A+ AB orBeuaer
Iy9OK MPsIMOYTOJabHBIX MaTpuil A; + ABj (pa3mepa m X n); npuu3MeHeHun Ga3uCOB B
R™ R™ ny4ok A; + AB; 3aMeHsiercsi CTpPOro 3KBUBaJEHTHbIM nydkom P(A; + ABp)Q,
e P u () — KBajpaTHble HEBBIPOXKIEHHBIE MAaTPHUILI HOPSAKOB m 1 n. Takum obpaszom
KPUTEpHii CTPOroil SKBUBAJIEHTHOCTH JAET XapaKTePHCTHKY TOTO KJIACCa IIYyYKOB MATPHIL
A1+ ADB; (pasmepa mXxn), KOTOPbI€ OMUCHIBAIOT OJMH U TOT Ke Iy 90K orneparopoB A+ B,
orobpazkaromux R" B R™, npu pa3andHbIX BbIOOpPax 0Aa3MCOB B 9TUX MPOCTPAHCTBAX.

Jlnst moyiydenns KaHOHUYIECKOH (hOpMBI MyUdKa HYKHO HaiiTu Te 6asucel B R" u R™, B
KOTOPOIi my4oK omepaTropoB A + A\B onucbiBaeTcss BO3MOKHO 00Jiee IPOCTOi MaTpHIeil.

Bce nyuku marpun A+ AB pasMepom m X n HOAPa3Ae/Iai0TCs Ha, JIBa OCHOBHbIX THUIIA:
HA PE2YAAPHBIE T CUHYAAPHBLE.

Omnpeaenenne. [Tydok marpun, A + AB Ha3bIBAETCS PETYJISPHBIM €CIIH:
1. Awu B - kBajjpaTHble MATPHIIBI OJHOIO W TOTO K€ MOPSIIKa 7

2. ompezenutenb |A + A\B| He paBeH TOXKIECTBEHHO HYJIIO.



Bo Bcex ocranbHbIX ciaydasx (m # n wim m = n, #Ho |A + AB| = 0) ny4ok Ha3bBaercs
CHHTYJIIPHBIM.

Onpenenenne. Muorowrennoii marpuneii nas marpuna A(M), sgeMeHTB KOTOPOIt
€CTh MHOTOYJIEHBI OT A:

DN al T ey,
| — naubosbmras u3 creneneit a;; ()

BBeiéM noHSITHE HHBAPUAHTHOIO MHOTOWIeHA A-MaTpuilbl A(\). IlycTh MHOTOUYIEHHAST
marpuna A(\) uMeer paHr r, T.e. B 3TOH MATPHIE MUMEIOTCS HE PABHBIE TOKJIECTBEHHO
HYJII0O MHHOPBI 7'-T0 HOPsJIKa, & BCe MUHOPbBI HOPAIKA > 7' PaBHbI HYJIIO.

O6o3naunm wepe3 D;(\) nanbosbimit obmumit geuTess st BCeX MHHODPOB j-TO MO-
panxa marpunsl A(N\), j=1,r.

B kaxzaom D;(\) Gepém crapmmii kosgdunnent pasuslii 1, Torma B psiy

D’I‘()\)7DT—1<)\)’ s >D0(>‘) =1

KayKIplii MHOTOYJIEH JeInTCs 6e3 octarka Ha mocaeaytomuii. CoOOTBETCTBYIONNE JacTHRIE

0003HAYNM
D, . Dy
1(A) = ooy (A) = —=— = Di(A
Zl( ) Dr_l’ JZ ( ) DO 1( )
Onpepnenenne. Muorounenst i1(A), . .., i.(\) onpenensiembie mpeabiyieit hopmy.ioit

HA3bIBAECTCS UHBAPUAHTTIHOLMU MHO20YAEHAMU TIPAMOYTOIbHOM MaTpuipbl A(N)
Pasjioxkum nHBapuanTHbIe MHOTOWIEHDBI i1(A), ..., %,(\) HA HEMPpUBOAMMBIE B JAHHOM

YUCJJIOBOM II0JI€ MHOKHUTEJIN:

it(A) = [er (V)] fo2 (V)] - - s (M)
(3)
ir(A) = [ (W] [p2(N)]2 .. [s(N)]-.

rae ©1(A), ..., ps(A) Bce pasiudaHbl, HENPUBOALIMbIE B 10J1e K MHOTOUJIEHBI CO CTAPIIUMU
KodduienTaMu = 1 Bxojsime B coctas i1(A), ..., 0. ()

Onpenenenne. Bee ormuunbie oT 1-ii cremenn geurenu B pas3aoxkenun (3) Ha3bIBa-
I0TCS IeMeHTapHbIMu jgequtenavu marpuibt A(N) B nore K.

Teopema. Muorounennast marpuria A(\) pasmMepHOCTH M X T BCErjla SKBUBAJIEHTHA

KaHOHUYECKOI TMaroHaJbHOI MaTpulle CJaeIyIonero Buia



W) 0 ... 0 0 ... 0

0 4a(A) ... 0O 0 ... 0
i1 () 0
0 0 0 0 0
0 0 .. 0 0 ... 0
rje r — paHr MaTpuisl, a i1(A),is(A), ..., 4. (\) — uaBapuanTHBIe MHOTOWIEHBI A(N),

otpejessiembie (popmy.Ji0ii

D,_ S
Zk<)‘) = D f+]{177k = 1,7",

D; — nanGombimmit obmuii gesnTe s BCeX MEHOPOB j-r0 mopsiaka MaTpuisr A(N).
PaccmorpuMm gacTublii crydaii, kormga mydkn A+ B u A;+A By cocToaT n3 KBaIpaTHBIX
matput, (m =n) u |B| # 0,|B1| # 0. B 310M cay4ae cnpaBejjinBa TeopeMa:
Teopema 1. /Ipa nyuka KBaJApaTHbIX MaTPHI] OZHOIO U TOrO ke nopsika A + AB u
Ay 4+ ABy, y xotopeix |B| # 0 u |By| # 0, 9aBag10Tcs ¢TPOro S5KBUBAJICHTHBIMA B TOM 1

TOJIbKO TOM CJiy4dae, KOI'Jla 9TH IIYYKH HMEIOT OJHH M T€ 2Ke dJIeMeHTapHble€ JeJIUTE/JIU B

none K.
IIpumep.
21 3 11 2 2 11 111
A+XB=1 3 2 5 |+A| 1 1 2 |, Av+X\B3=[ 1 2 1 |+A] 1 1 1 (4)
3 2 6 11 3 1 11 111

3nech Kaxkaplil u3 mydkoB A + AB u A; + AB; uMeeT TOIbKO OJUH KOHEUHBIH dTeMeH-
TapHBIi geuTesb A+ 1. B T0 2ke Bpemst 9Tu 1y dKH He sIBJISIOTCS CTPOIO SKBHBAJIEHTHBIMH,
TaK Kak MaTpuilpl B u B; uMeT cooTBeTCBeHHO paHrd 2 u 1, a u3 paBencTsBa (2), ecm
Obl OHO HUMeJIO MeCTO, CJIeJ0BaJI0 Obl, UYTO panru Marpuin B u By coBmaxaror. Ilpu sTrom

1y uKy (4) sIBJISIIOTCS PEryYISPHBIMU COTJIACHO OMPEJIETIEHHIO, TAK KaK

A+ AB| = A1+ AB1| =X +1

T.e. pa3obpanubIii TpUMEpP NOKa3biBaeT, 4To npu ycaosuu |B| = 0, reopema 1 nesepHa.
Jist TOro 9To0BI COXPAHUTH TeopeMy 1 BBEJAEM MOHATHE OECKOHEYHLLLT dIeMeHTap-
HbIX jgeaureneii. Bynem nydok A + AB 3ajaBaTh nNpu MOMOLIU OZHOPOJHBIX apaMeTPOB
A i A+ AB. Torpa onpenennrens AN, 1) = |pA + AB| 6yaer ogHopoaHol byHKIH-
eit mapamerpoB \, . Onpenensst maubonbumii obmuii genurens D (A, ) Bcex MUHOPOB
k-ro nopsamka marpunpt A + AB (K = 1,n), momyunM MHBapMAHTHBIE MHOTOYJIEHBI MO

U3BECTHLIM opMyIam

~—

n—l(/\alu

(A p) = Do 200 1)

>
i
>
/N\\:
>
=
I
slis



pu 3ToM Bce Dy (A, p1) 1 45(A, f1) — OXHOPOHBIE OTHOCUTETBHO A U ff MHOTOWIEHBI. Pasiia-
rasg MBapMaHTHBIE MHOTOWIEHBI HA CTENEeHN HENPUBOJAUMBIX B moje K OJHOPOIHBIX MHO-
rOYJIEHOB, TIOYyYUM 3JeMeHTapHbie aeauren e,(A, p) (a = 1,2,...) nyuka pA + AB B
nosie K.

CoOBepIIEHHO OYEBHUJIHO, YTO I0OJOrast fb = 1 B €,(\, i), MBI BEPHEMCSA K /IeMEeHTap-
HBIM JIETATENIM €, () myuka A + AB. O6parHo, U3 KayKI0r0 J€MEeHTAPHOTO JeTUTeIs
eq cremeHn ¢ nydka A + AB MBI TOJIYIAM COOTBETCTBYIONINI 37eMEHTAPHBI JTeTHTETh
ea(A, 1) mo dopmyne ey (A, 1) = qua(ﬁ)- Takum c11ocoboM MOTYT OBITH MOJYYEHBI BCE
SJIEMEHTapHbIe JeuTean nydka (A + AB, 3a MCKIIOUYEeHWeM 3JIeMeHTApHBIX JIeIuTeei
Buga .

DleMeHTapHbIe TeTUTETH BUAa (! CYyIEeCTBYIOT TOJIBKO B TOM U TOJBKO B TOM CIyUae,
korga |B| = 0, u nocar nasBanue OECKOHEWHbLIT SJTEMEHTAPHBIX JICJIUTENeH I My dKa
A+ \B.

[TockonbKy U3 ¢Tporoii sKkBuBaIeHTHOCTH MyYKoB A+ AB u A1+ ABj caenyer crporas
9KBHUBAJEHTHOCTb MYYKOB (LA + AB u ptA; + ABj, TO y CTPOro SKBUBAJEHTHBIX IIYIKOB
A4+AB u A1+ AB; J0JI2KHBI COBIIAJATH HE TOJBKO KOHEUHDLE, HO U OECKOHEUHDLE JeJIUTEIN.

Nrak Mbl npunniu K Teopeme:

Kpurepuii 5KkBUBaJIEHTHOCTH ITydKOB. /IBa nyuka A + AB u A + AB; saBiasiiorcst
9KBUBAJIEHTHBIMU TOTJIA M TOJHKO TOTJA, KOIJIA COBMAIAI0T KOHEYHBbIE W OECKOHEYHBbIE
SJIeMeHTAPHBIE JIETUTEH.

[Tycrs Tenepb jgaH mpou3BOAbHBIN peryssphbiii mydok A + AB. Torga cymecrsyer
takoe unciao ¢ uro |[A + ¢B| # 0. Jauuwii nydok upejgcrasum B Buge A; + (A — ¢)B,
rne A; = c¢B, u motomy |A;| # 0. YMmmoxum myuox ciesa na Ay 1 E 4+ (A —¢)A]'B.

[IpeobpazoBanneM mogI00MS NPUBOJIUM STOT MYyYOK K BHILY

E + (/\ — C){JQ, Jl} = {E — CJ() —I— )\Jo, E — CJl + /\Jl}

rae {Jo, J1} — KB3uaMaronagbHasg HOpMaJbHas (HOPMa MATPHIIBI AT'B, Jy — xopnanoBa
HuIbNOTeHTHad (T.e. J} = 0 npu mekoropoMm nenom [ > 0) marpuna, a |J;| # 0.

[Tepsoiit quaronaibubiil 6JIOK HPaBoil YacTu nocjeneir GopMyJibl yMHOZKUM Ha,
(E — cJy)~ L. Tlonyuum E + A(E — cJy) "' Jy. 3aech KosbunuenT npu A — HUIbIOTEHTHAs

matpuna ! . TTosTomy mpeobpa3oBanieM MOm00Ms 3TOT MyYOK MOYKHO MPUBECTH K BILY

E+ Mo = {N@) N@) Ny (N0 = g 4\ ) (5)
I'ne H marpuna Buja:
0 1 0
0
0 0

N3 Jy = 0 crexyer [(E —cJo) " )l =0



Bropoii guaronanbhbiii 6,10k B mpaBoii yactu (7) yMHOXKUM Ha J; ! a 3arem mpeoGpa-
30BaHUEM MOJ00Us MOXKeT OBITh MpHUBEIEH K Buay J + AE, e J — marpuna, uMeoIas
HOpMaJIbHYIO bopMmy, a ' — euandnas Marpuna. Mbl npuiiuiv K TeopemMe:

Teopema 3. [IpousBosibHBIH peryjsipablii TydoK A + AB MoxKeT ObITh NPUBEIEH K

(CTPOro SKBUBAJTEHTHOMY) KAHOHUYIECKOMY KBA3UHATOHAJILHOMY BHUJLY

{N(ul),N(“Q), o NW T4 A\E} (N(“) = FEW 4 )\H(“))

rje nepsbie S JualrOHaJIbHbIX 6JIOKOB COOTBETCTBYIOT 6€CKOHG“IHBIM dJIEMEHTAPHbIM J1€JIN-
reasm ptt pt2 L. pts nyuka A+ AB, a HopMmasbHast popMa MOCIeHEr0 JIHaroHaIbHOTO
osoka J + AE 0THO3HAYHO ollepe/iedeTcss KOHETHBIME 3JIeMEeHTAPHBIMHA JIeJTUTETSIMI JaH-

HOTO IIYYKA.

2 CunryagpHble TTyYKH.

Paccmorpum cunrysspubiii nydok marpun, A + AB Pasmepa (m x n) . O6o3natum uepes
r paHz NYwka, T.e. HAWOOIBIIHI W3 MOPSIKOB MHHOPOB, HE PABHBIX TOXKJIHCTBEHHO HYJIIO.
V3 CHHTYISIPHOCTH IyYKa CJIeJyeT, YTO BCerja MMeeT MeCcTO IO KpaiiHeil Mepe OIHO u3
HepaBeHCTB r < n wan r < m. Ilycte r < n. Torma crombier A - marpumsl A + AB

JIMHENHO 3aBUCUMBI, T.€. YpaBHEeHNE

(A+AB)z =0, (6)

rJe T — UCKOMBII cTon6en, nMeeT HeHyJIeBoe pelnenne. Kaxioe HeHyJIeBoe pelienne Toro
YPaBHEHHsI ONpeIesIgeT HeKOTOPYIO JTUHEHHY0 3aBUCAMOCTD MKy CTONONAMHA A - MaT-
puupt A+ AB. Mbl orpannunmcst TOabKO TeMu pemenusiMu () ypasuenust (6), kKoropbie
ABJIAIOTCS MHOTOUJICHAMH OTHOCHTEIBHO A 2, U CPeQH 3TUX PeIleHuil BO3LMEM pelreHne

HauMeHbIIeil cTeneHn €

r(A) =29 — Axp + N2oy — .+ (=1 A2, (2. #0) (7)

[Moxcraisist 10 pemnienne B (6) n NpupaBHUBAS HYJII0 KOXPUIUEHTH IPH CTEMEHSIX A,

MOJIYIUM
Axyg =0, Brg— Axry =0, By — Az =0,...,Br._1 — Az, = 0, Bz, = 0. (8)

PaCCManI/IBaH 9Ty CUCTEMY PAaBEHCTB KaK CUCTEMY JIMHETHBIX OJHOPOAHDBIX yp&BHeHI/Iﬁ

OTHOCHTEJBHO 3JIEMEHTOB CTOJOIOB X, —Z1, +T2, ..., (—1)%Z., 3aKI09aemM, 9T0 MATPUIA

2Jlna ompeneseHust 3MEMEHTOB CTOMONA T, YAOBAETBOPAIONIETo ypapHennio (6)? IPUXOINTCS pemaTh
CHUCTEMY JIMHEHHBIX OIHOPOIHBIX YPABHEHWH, Y KOTOPBHIX KOY(PUINEHTHI IIPU HEM3BECTHBIX JIMHEHHO 3a-
BUCAT OT \. Ba3ucHbie NWHEIHO HE3AaBUCUMBIE DEIIEHNST £ BCETIA MOTYT ObITh BBIODAHBI TAK, YTOOBI WX

3JIeMeHTaMU ObLJIM MHOTOYJIEHDI OT .



K03 HUImeHToB 3Toil cucTeMbl

Eil
A0 0
B A 0
M.=MJA+MB]=| 0 B . (9)
: A
0 0 .. B

umeer panr p. < (€ + 1)n. B 10 ke Bpemsi B CUJly MUHHMAJBHOIO CBONCTBA YUC/IA € JIJIsI

PaHTOB p1, .. ., Pe—1 MATPHI]
A0 0
A0 B A
M0_<§>,M1: B A|,...M_=|0 B (10)
0 B A
0 0 B

UMEIOT MEeCTO PaBEHCTBA Py = N, pP1 = 2N, P-_1 = EN.

Takum oOpa3oM, YUCIO € €CTh HAaUMEHbIIee 3HAYeHNe WHIEKCA k, IPH KOTOPOM B CO-
orHomenunu py < (k 4+ 1)n umeer mMecro 3HaK <.

Teopema. Ecin ypashenne (6) nMeer perienne MUHUMATIBHON crenenu € u € > 0, TO

JaHHblil myd0ok A + AB ¢Tporo S5KBHUBaJIeHTEH IMy4YKY BHJIA

L. 0
0 A+ B ()

rie
e+1
0O ... 00
1
L. = g, (12)
0 0 1 0
0 1

/

a A’+AB’ — ny4ok MaTpuil, st KOTOPOTO ypaBHEHNe, aHAJIOTHYHOe (6), He IMeeT pereHui
crernenn < €.
JTOKABATEJIbCTBO TeopeMbl pa300béM Ha Tpu dTana. CHavaIa JoKayKeM, 9TO JTaHHBI

ny4dok A + AB ¢Tporo 3KBuBaJIeHTeH IIYUIKY BHIA

L. D+ M\F
N (13)
0 A+ )\B



rie D, F, A;, By — 10CTOSHHBIE NPAMOYTOJIbHBIE MATPHUIBI COOTBETCTBYIOIINX PA3MepPOB.
Barem ycranoBum, uto ypasuenne (A'+AB’)x’ = 0 ne umeer pemrennii 2’'(\) crenenn < .
[Tocsie TOrO0 MBI HOKazKeM, 4TO JaJbHeiluMu npeodpasoBanusMu 1ydok (13) moxker

OBITH TIPUBEJIEH K KBasuanoranaabHomy suiay (11).

1. IlepByio 4acTb JOKa3aTeIbCTBA 00JI€YEM B TeOMETpIIecKyio ¢popMy. Bmecro myu-
ka marput, A + AB paccmorpum mydok oneparopos A + AB orobpazkaomux R B R™, u
MOKazKeM, 9TO MpH HaJjlexkalnieM BeiOope 0a31MCOB B 9TUX MPOCTPAHCTBAX MATPHIA, COOT-
BercTBYMOIast oneparopy A + AB, 6yaer nvers dopmy (13).

Bwmecto ypaBHenus (6) BO3bMEM BETOPHOE ypaHEHHe
(A+AB)z =0 (14)
C BEKTOPHBIM PeIIeHHeM
r(N) = 29 — A1y + Na9 — ..+ (—1)° N\, (15)
paBeHCTBa (8) 3aMeHsis BEKTOPHBIMI PABEHCTBAMU

Axrg =0, Bxg = Axy, Bxy = Axs,...,Br._1 = Ax., Bx. = 0. (16)

Huke Mbl J10KazkeM, 94TO BEKTOPbI

Axy, Az, ..., Ax, (17)

JUHeHHO He3aBucuMbl. OTCIo1a Jerko OyaeT ciegoBaTh JUHEHHas He3aBUCUMOCTH BEKTO-
poB

Ty L1y e vy e (18)

JleiictBurenbno, mockonbky Azg = 0, uz agrg + aqxy + ... + a.x. = 0 Haxogum

oAz + ...+ oAz, = 0 oTKysa B cuiIy JiHeHOI 3aBucuMocTu BeKTOpoB (17) ap =
_ _ 1
ay = ... = a.. Ho 2y # 0, mocKoIbKy B IPOTHBHOM ciTydae y2(A) GBLIO GBI pereHmem
ypauenusi (14) crenenn € — 1, uro uwesozmoxkHo. [Tosromy u ag = 0.
Ecin teneps npumsts BekTops! (17) u (18) B kadecTBe HEepBBIX OA3UCHBIX BEKTOPOB
JIJIST HOBBIX 0a31MCOB cOOTBeTCBeHHO B R™ m R™, TO B HOBBIX Oasucax omeparopam A u B

B cuy (16) GyayT cOOTBETCTBOBATH MATPUIIHI

01 0 = * 0O ... 00 = *
0 0 1 0 =* * 01 0 0 = *
A=1| 0 0 1 « |.B=]0 0 10 * « |
00 0 = * 0 0 = *
00 0 =* * 0 0 0 0 = *



TOTJIa A— MaTpHuIa A + AB Oyaer umers Bug (13). Bee npeapiaymmue paccyzkaenus 6y Iy
0GOCHOBAHHBIMHE €CJTH MBI JIOKAZKeM, 4TO BeKTOpHI (17) juHeitno He3aBucuMmbl. Jlomyctum
nporusnoe, u nycrb Az, (h > 1) — nepsbiii B psiy (17) BekTOD, JIMHEHHO 3aBUCSIIHUIA OT

MIPEABIIYIINX BEKTOPOB:

Axy, = o Axp_q1 + aAxn_o+ ...+ ap_1Axy

B cuny (16) 970 paBeHCTBO MOKET OBITH MEPENUCAHO TaK:

B{L‘h_l = OleZEh_Q + OZQBZL'h_g + ...+ Ozh_lB.I‘O

T.€.
* —_—
Bz ;=0
e
*
Tp_1 = Tp—1 — O1Tp—2 — QT3 — ... — Op_1Ty.
Hanee onarp B cuy (16)
* *
Az = B(zpo —oqxp_3— ... — ap_omg) = Bx)
e
*
Tp_9g = Tp—2 — 1 Thp—3 — ... — Qp_2T9p.

[TpososzKast 3TOT HpOIECe Jlajiee U BBOJs €lié BEKTOPbI

* * *
Xp_g = Tp—3 — O1Tp—y — ... — Qp_3T0, 1 = T1 — 1Ty, Ty = Lo

MpbI mosyIuM 1enovYKky paBeHCTB

Bz, =0, Azx;_, = Bx)_,,...,Ax] = Bxy, Azxy = 0. (19)

13 (19) caeayer, uro

o\ =af — et . (=D (a0 =20 #£0)

ecTh HenyJeBoe pemnienue ypasHenusi (14) cremenn < h — 1 < &, 9T0 HEBO3MONKHO.

Taxkum 06pazom, BekTopbl (17) JHMHEHHO HE3ABUCHMBI.

2. Jlokakem Terepb, 4TO YpaBHEHUE (g—l— )\E)f = () He uMeeT pernreHnii cTenenn < €.
Curauasa obpaTuM BHHMaHWe Ha TO, 4T0 ypasHenue L.y = 0, kak u ypasuenune (6), nmeer
HEHyJIeBOe pellleHne HAMMeHbIeil cTenenu €. B 3ToM MOXKHO yOenuThCsS HEmocpeacTBeH-
HO, ecTM MaTpudHoe ypaBHeHue L.y = 0 3aMeHUTHb cuCcTeMOll OOLIKHOBEHHBIX JIMHEHHBIX

ypaBHEeHU



Ayt + 42 =0, ya +y3 =0, ..., AYe + Yoq

[y = (Y1, Y2, - -, Yes1)], OTKYIA Yp = (—=1)F Ly AL (B =1,2,... e+ 1).
C apyroit croponsl, eciau mydok umeer "rpeyronbubiit B (13), To coorBercrByonme
sromy nyuky marpuisl Mi(k = 0,1,...,¢) nocie Hajiexaieii 1mepecTaHOBKU CTPOK U

CTOJIOIOB TAKzKe MOTYT OBITH MPUBEJEHBI K TPEYTOTBLHOMY BHLY

(20)

My[L.] MDD+ \F)
0  MJ[A+AB] |

[Tpu k = € — 1 Bce cTOIOUBI HTONH MATPHIBI, & 3HAYUT U CTONOIBI MaTpuibl M. _q[L.],

i 3. Ho M._,[L 1). 11
nuneitHo HesaucuMbl °. Ho M. _|L.| kBagpaTHas maTpuiia nopsiaka (¢ + 1). [lostomy n
B Marpune M. 1[A + AB] Bce ¢TogOub TUHEHHO TUHEHHO HE3ABUCUMBI, & 3TO, KaK ObLIO
BBISICHEHO B HauaJe mnaparpada, o3nadaer, uro ypasaenne (A + AB)T = 0 ne umeer

periennit crenenn < € — 1, 9T0 U TpeOOBAIOCH JTIOKA3ATh.

3. Bamenum myuok (13) ¢TpOro SKBUBAIEHTHBIM €My IIyYKOM

E, Y L. D+AMF\ [ L. D+AF+Y(A+AB—L.X) 1)
0 E 0 A+AB ) \ 0 A+ B ’

rae Fy, Ey, F3, By — KBaJapaTHbIe € IMHUIHbIE MATPUILI COOTBETCTBEHHO IIOPSIIKOB £, 1M —
g, e+1, n—e—1 aX, Y — npou3BosbHbIe IIOCTOAHHBIE MATPHUIILI COOTBETCTBYIONUX
pa3MepoB. Hamra Teopema OymeT MOJHOCTBIO JTOKA3aHA, €CIH MBI MOKAYKEM, UTO MATPHUIILI

X u'Y mMoryr 6bITh BbIOpaHbI TaK, YTOObI UMEJIO MECTO MATPUYHOE PABEHCTBO

L.X =D+ AF+Y(A+AB). (22)

Beeném obo3nauenus s snmementoB maTpuil D, F, X, a Tak:ke s CTPOK MAaTPHUIIBI

Y u nng ctonbioB MaTpuHIl ]L B:

D = ||dull, F=1|full, X = [|lzjl]
(i=1,2....ek=12...n—e—1 j=12...,+1),

hn
Y2 ~ ~
Y = . ,A:<CL1,CL2,...,CL”_€_1), B = (bl,bg,...,bn_€_1>.
Ye
TOF,H& MaTpUYIHOE YpaHeHue (22) MOKHO 3aMEHUTH CUCTEMON CKaJAPHBIX ypaBHEHU, 3a-
IIUCbIBad, 9TO 3JIEMEHTDL k-ro CTOJI6Ha B JIEBOIl U MpaBOil YaCTAX PaBEHCTBA (22) COOTBET-

crBeHHO pasubl apyr apyry (k=1,2,...,n—¢e—1):

33t0 cnemyer us Toro, uTo panr MaTpuipbl (20) npu k = £ — 1 paBeH en; aHATOTHYHOE PABHCTBO HMEET

mecto ang panra Me_q[Le].



Top + AT1 = dig + A fik + yrak + Ay1by
T3k, + ATor, = dog, + A for + yoay + Ayaby
Typ + Ar3p = dsp + s + yzar + Aysby (23)
Let1,k + )\stk = dsk + )‘fsk + Yeay + )\ysbk
(k=1,2,....n—c—1)

B JsteBbIx "acTsX 9TUX PABEHCTB CTOST JIMHEHHBbIE JIBYWIeHBI OTHOCUTENHHO A. CBO-
OOJIHBIN WJIeH KaKJ0r0 W3 MEPBBIX € — 1 TUX JBYUIEHOB PaBeH KOIDUIMEHTY NMpH A B
cremytomem aBydsieHe. Ho Torga m nmpaBble 9acTH JOJZKHBI Y/I0BJIETBOPATH 9TOMY YCJIO-

Buio. [loaTomy

yiar — Yobr, = for, — dug,
yoar, — Ysbr = far — dog, (24)

Ye—1Qk — ysbk = fsk - dsfl,kv
k=12 . n—e—1.

Eciu paBercTBa (24) UMIOT MECTO, TO, OY€BUJIHO, U3 (23) MOYKHO ONPEIETUTH UCKOMBIE
3JIEeMEHThl MaTPUIbI X .

Teneph ocTaIoCh MOKAa3aTh, YTO CHCTEMA ypaHeHuii (24) OTHOCHTEIHLHO JIEMEHTOB MaT-
puiel Y Beerja nuMeeT pentenune npu Jro0biX dy u fi (1 =1,2,...,¢; k=1,2,...,n—e—1).

JleiicTBUTETbHO, MATPHUIIA, COCTABIEHHAA U3 KOIPUIIMEHTOB IPU HEU3BECTHBIX d7eMEHTaX

CTPOK Y1, —¥2, +¥3, —Y4, ..., MOKeT ObITb 3anncana 10cjae TPAHCIOHUPOBAHUA B BU/JIE
a;l
Ao .0
B A
0 B
A
0 0 B

Ho sTa marpuna siBiasiercst marpuneit M, _o /i IydKa MPSMOYTOJIBHBIX MaTPUIL A+ )\B.
Panr ke 31oit Mmarpuipl paBed (¢ — 1)(n — e — 1), OCKOTIBKY 10 JTOKA3AHHOMY ypPABHEHHEe
(g+/\§)~ = 0 He UMeeT pelreHnii crenenn < €. TakuM 0Opa3oM, paHT CUCTEMbI Y paBHEHUT
(24) paBen uuc/Ly ypaBHEHHI, a TaKasi CHCTEMA IPHU JIOObIX CBOOOIHBIX Y/JIEHAX SIBJIACTCS
COBMECTHOI1 (HEIPOTHBOPEYHBOI).

Teopema nmoka3ana.
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3 Kanoumvueckas (popMa CUHTYJIAPHOTIO IIyYKa MaTPHII.

[Tycrh jas Nponu3BOJIbHBIN CUHIY/ISIPHBI y4oK MaTpul, A+AB pasmepa m X n. Jlonycrum
CHAYaJsIa, 9TO KaK MEXK/Iy CTOJONAMU, TaK U MEK/Iy CTPOKAMU ITOrO MydKa HeT JIMHEeTHO
3aBHCUMOCTH C IIOCTOSAHHBIMH KO PUIIIeHTAMIH.

[Iycth © < n, rae r — paHr mydJka, T.e. CTOJIONLI mydka A + AB JTHHEHHO 3aBUCHMBL.
B srom cayuae ypasuenne (A + AB)x = 0 umeer HeHy/I€BOE DelIeHME MUHUMAJILHON
crenenu 1. VI3 npunsToro B Havase orpanundenus ciaegayer aro € > (. [Toaromy, corsacuo

IpeJbLAyIeil TeopeMe, JaHHBII Iy90K MOXKHO Ipeobpa30BaTh K BHJLY

L., 0
0 A +\B, |’

rie ypasuenne (A; + AB;)zM) = 0 ne mmeer pemennit 1) crenenn < ;.
Ecu 910 ypaBHEHHE UMeeT HeHYJIeBOe pellleHne MUHUMATLHON CTeNneHn €9 (IPU STOM
HEIPEMEHHO £y > £1), TO, IPUMeHssl K My 4Ky A;+AB; IpeabiIynyio TeopeMy, Mbl JaHHbIi’

Iy4O0K Ipeodpa3yemM K BUJLY

L., O 0
0 L. 0
0 0 As+ ADBs
[Ipomomxkas mporecc gangee, Mbl NPHUBEIEM JAHHBIA MYyYOK K KBa3WIMATOHATHHOMY

BUIY

L., 0
L.,
(25)
Lsp
0 A, + B,
e 0 < g1 < g9 < ... < g, a ypaBuenne (A, + )\Bp)x(p) = 0 He UMeeT HEHYJIEBBIX

peleHuii, T.e. CTOJIOIBI MATPHILHI Ap + AB, JInHEITHO He3aBUCUMBI.

Ecin crpokn nyuxka A, + AB, jinHeiiHO 3aBUCHMBI, TO TPAHCHOHUPOBAHHBIN IIy4YOK
ﬁp + )\Ep MOKeT ObITh HpUBEIEH K BHAY (25), rge BMECTO 9HCET €1,E3,...,Ep OYAYT
dburypuposars uncia 0 < n; <y < ... <1n,. Ho Torna nannsrit mydoxk A+ A\B okakeTcs

HpeO6pa3OBaHHbIM K KBa3uJuaroHaJIbHOMY BHU/1Y
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P

)

m (26)

72

)

zﬁq
0 Ao + \B,

0<e1<ea<...<g,, 0<m < <...<n,)

rje y nyuka Ag + ABy Kak cTosOIbl, TaK U CTPOKH JIMHEIHHO He3aBUCHMBI, T.e. Ag + ABy
— PeryJispHBIi My40K.

Paccmorpum Temepb obImIuit cydaii, KOrja CTPOKH B CTOJOIBI JAHHOTO MyYKa MOLYT
OBITH CBI3aHBI JHHEHHBIME 3aBHCHMOCTSIMHI C MOCTOAHHBIMHU Ko duruentamu. O6o3Ha-

YUM MaKCHMAJIbHOEC 9YUCJIO IIOCTOAHHBIX HE3aBUCHUMbBIX pGIHGHI/Iﬁ ypaBHeHI/IIU/I

(A+AB)z =0, (A+AB)y=0

COOTBETCTBEHHO 4epe3 ¢ u h. BMecTo mepBoro m3 TuX ypaBHeHHii, IOJ0OHO TOMY Kak
MbI 3TO JIeJIaJIN TIPU J0KA3aTEeJbCTBE MPEIbILYIIEH TeOPEMbl, PACCMOTPHUM COOTBETCTBYIO-
mee BekTopHOe ypaBhenune (A + AB)x = 0 (A u B — oneparopsi orobpazkatorne R" B
R™). JluneiiHo He3aBHCHMbIe MOCTOSTHHBIE PEIIEHUsI ITOrO ypPaBHEHHsI OOO3HAYUM depes3
e1,es,...,e, U IPUMEM 3a IepBble OasucHble BeKTopsl B R". Torma B cooTBeTCTBYIOMIE

MaTpHILE A+ )\B nepBbie g cToJIONOB OY/yT COCTOATH U3 HYJIEN:

g
P —
( 0 A, + B, ) (27)
COBEPILIEHHO TaK Ke B Iy YKe A1 +)\B; nepBbie h CTPOK MOXKHO ¢Jie1aTh HyJieBbiMu. Toraa

JAHHBIIl Iy4YOK IPUMET BU/L

g

~=
h{ 0 0 (28)
0 A4+ AB°

rae ctpoku u croabmpl mydaka A° + ABY yike He cBA3AHBI TMHEHHBLIMI 3aBUCHMOCTSIMHE C
nocroguubiME Kodbumuentamu. K myuxy A%+ \B° npumenumo npejcrapienns tana (28).

Takum o6pa3om, B camoM o0ImmeM ciaydae nydok A + AB Bcerma mMozkeT OBITH MPHUBEIEH K

KaHOHUYE€CKOMY KBa3UJAUAI'OHAJIbHOMY BUIY

g

=~ -~ ~
{h{"0 " Ley,rs- s Ley; Luporse- o Ly, Ao+ ABo}. (29)
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Bu160p MHIEKCOB IpH € U 1) CBSI3aH C TEM, 9TO HaM yA00HO 3/1eCh CIUTATDb £] = €9 = ... =
€g:0H771:772:...I77hIO.
Bamensst dburypupyionmit B (29) peryusipusiii nydok Ag + ABp ero KaHOHHYeCKOil

¢dopMOit, TOJIyIrM OKOHYATEJbHYIO CAEYIONYI0 KBa3UIUATOHAIBHYIO MATPUILY:

9

{h{ Leyyisos Loy thH,...,Lng; N ON@) T L AEY. (30)

e Marpuia J MMeeT KOPAAHOBY HOpMasbHyio dopmy, a N = FM 4 N ®)
Marpuna (30) npeacrasiaser coboii kKanonndeckyo dopmy nydka A + AB B camom

o0IeM ciydae.

4 Ilpnnoxenne K audepuHINAILHBIM yPaHEeHUIM

PacemorpuM npuitoykeHns MOTydeHHBIX Pe3yIbTaTOB K MHTETPUPOBAHUIO CUCTEMBI 1M JIU-
HeitubIX JiudhepeHnuaibHbIX yPaBHEHUN 1IEPBOIO HOPs/IKA C 7 HEU3BECTHBIMU (DYHKIIU s~

MH C HOCTOAHHBIMUA KOS(I)I/IHI/IQHT&MI/IZ

Zazkxk + szk _fz )( 727""m)7 (31)

k=1

AU B MATPUYHON 3amucu

dx

371eCh

A=lawll, B=bull G =1,2,....mk=1,2,....,n),

X f1

X2 f2
T = ,

Ty, fm

[Tpeanonoxkum, uro dynkuus f € Cla;b).
BBoauM HOBblE Heu3BecTHbIe (DYHKIMHI 21, 2, . . . , Zp, CBA3AHHBIC CO CTAPBIMHU T, T, . . . , Tp,

JUHENTHBIM HEBbLIPO2KI€HHbIM Hp@O6p&30BaHI/IeM C IIOCTOAHHBIMH KOS(bI/IHI/IeHTaMI/Ii

21

22

r=Q: == | T[] 1@l #0 (33)

Zn

Kpowme roro, BMecro ypasaenusi (31) MOKHO B3sITh JIIOObIE 17 HE3ABUCUMbIX JIMHEITHBIX

KOMOMHALMHA UX, 9TO PABHOCUJIBHO yMHOKeHuio marpul, A, B, f cieBa Ha KBaJIpaTHYIO

13



HEBBIPOXK/IeHHY 0 MaTpuily P m-ro nopsizika. [TogcraBiss QQz BMecto = B (32) u yMHOZKAs

(32) cieBa Ha P, momydnm

~ ~dr ~
Az +AB— = J(1), (34)
rie
fi
A=PAQ, B=PBQ, f(t)=Pf(t) = Ji? (35)
f

[Ipu sTom myukn matpun, A + A\B u A+ \B CTPOTO KBUBAJEHTHBI JPYT JPYTY:

A+ AB = P(A+ AB)Q. (36)
Beibepem marpunsl P u () Tak, 9TOOBI Iy9I0K A+ AB mven KaHOHUYIECKYIO KBa3U/IU-
aroHaJTbHYI0 (hOPMY:

A+AB=1{0,L oL L N N T AR} (37)

€g+1 - Nh+1"
B coorBercrBuu ¢ auaronaabubiMu 610kaMu B (37) cucrema anddbeprHIHATBHBIX ypa-

HeHHil pacnajaercs HA V =P — g+ ¢ — h + s+ 2 OTJIeJIbHBIX CHCTEeM BH/IQ

0-z0 = fO(), (38)
d (1+49) r(1+4) .
LEQH(%’Z ) :f (t) (2: 1a27"'7p_g)a (39)
d B 4 ~ . »

L%hﬂ(a)z(p g+1+7) _ f(p g+1+J)(t) (j=1,2,...,9—h), (40)
N(uk)(%)z(p—g+q—h+1+k) — f(p—g+q—h+1+k) (t) (k=1,2,...,s), (41)

dy ) _ 7o)
(J+ )2 = f7(1), (42)

dt
rjie

»(1) o

~(2) £(2)
: f. , (43)

2w) f

D= (2,2, FY=(F fu) 2P = (zgans )y FO = (Fagar-- )y oo (44)



d d
AN=)=A+B—, ectu A(\) = A+ B (45)

dt dt
Takum 0bpazom, uHTerpupoBanue cucreMbl (32) B caMom 00IIeM cJlydae CBEJIEeHO K
HHTEIPUPOBAHMIO 9acTHBIX cucreM (38)—(42) Takoro ke rtuma. B 9Tux cmcremax mydok

marpun, A + AB umeer coorsercreento suj {0, L, Z;, N J+ \E}.

1. Jnst roro urober cucrema (38) He GbLIa IPOTUBOPEIUBOI, HEOGXOIUMO U JOCTATOTHO,

q4T00BI
f(l)(t) =0,
T.e.
fit) =0, ..., fn(t)=0. (46)
B sTom ciydae B KauecTBe HeM3BECTHBIX (PYHKIUIL 21, . .., Z5, COCTABIAIONIUX CTOJ-

el 2(1), MOI'YT ObITb B3sThl IIDOU3BOJIbHBIE HellpepbiBHO Juddepennupyemble QyHK-

IUA apryMeHTa t.

2. Cucrema (39) mpejcraBisger coboil cucreMy BHIa

d ~
LE 5, I 4
()2 =1] (47)
WJIM B TIOJIPOOHOI 3amucu
dz ~ dz ~ dz. ~
d_tl + 2z = fi(t), d_z€2 + 23 = falt), ..., g T = fo(t)* (48)

Takasi cucTeMa Bcerjia coBMecTHa. Ecau B KadecrBe z.i1(t) B3IThb MPOU3BOJBHYIO

HenpepbiBHO auddepeHIupyemMyo GpyHKIUO apryMeHTa ¢, TO MOCIeI0BaTeTbHBIMA

KBajiparypamu u3 (48) onpepessites Bee OCTaabHble Hen3BeCTHbIE DYHKIUM Ze, Ze—1, - - -

3. Cucrema (40) mpejcraBiser coboil cucreMy BHIa

~ d ~
L)z =T, (49)
WM B TOJIPOOHOI 3amucu
dz ~ dzo ~ dz ~ - ~
T fi(t), AT fo(t), oo, d_tn + 2p-1 = f5(t), Zp = foa(2) (50)
13 Bcex ypasuenuii (50), Kpome mepBOro, MbI OZHOZHATHO OMPEICTISIEM 2y, Zn_1, - - . , 21

4MpI H3MEHHTH MHIEKCHLI IPH 2 W [ JJiA YIPOINeHHs 0003HaMeHHil. IS TOro WTOGBI OT CHCTEMBI
(48) BepuyTbcs K cucreme (39), HyKHO € 3aMEHMTb HA € M K KAXKIOMY WHJIEKCY OPH z NpUOABHUTH

g+egr1+ ... +egrim1 +i— 1, xk kaxxmomy upu f crexyer npubaButb b+ €441 + ...+ Egpi1-

15
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df??+1 7 d2f3 n—1 dn_lf;ﬂrl
praIRREE 1= fo 7 +...+ (-1 T . (51)

2y = for1, 1= fn —

[ToxacraBisist motydeHHOE BhIpaykeHue JJIs 21 B TIEPBOE ypaBHEHUE, TOIyYaeM yCJIO-

BHe COBMECTHUMOCTH

- de L P d"fi1
h=——rt = — (= dtﬁj = 0. (52)
4. Cucurema (41) mpezacrasiser coboii cucreMy BHIA
d
Nz =], (53)
WM B TOAPOOHON 3amucu
dz ~ dz ~ dz, ~ ~
d_t2+Z1 fl,d_;—’—ZQ:fQ,...,E—’—Zul fu—h Zu:fuu (54)

Orcroga mocjie10BaTe/IbHO OJHO3HATHO OIPEILIsieM PerieHne

- = _df, - df2 e S d
W= T et = fug = e ELIL B 55
Jur, Zum1 = funr o7 =fi— 02 +(=1) P (55)
5. Cucrema (42) mpejcrasiser coboil cucreMy BHIA
dz  ~
J — = f. o6
it =1 (56)
Kak m3BecTHO 00l1ee peleHne Takoii CHCTeMbl UMeeT BUJL
t
z=e 0 4 /e‘J(t_T) (7)d; (57)

0
3J1eCh 2 — CTOJIOEI] C TTPON3BOIBHBIMU SJIEMEHTAMHU (HaqaﬂbHHMH 3HAUYCHUSIMA HEeN3-

BecTHBIX dbyHKmil npu ¢ = 0).

O6parHbiii mepexos or cucreMbl (34) K cucreme (32) ocymmecTBisiercst o hopMyIam

(33) u (35), corsacHo KOTOPbIM Kazkaas u3 GYyHKUUI T1, . . . , Ty, ABISCTCS JUHEITHON KOM-
Ounamueii GbyHKIM 21, . . ., 2, a Kaxkaast u3 Gyakouii f1(t), ..., fi(t) muHeitno (¢ mocro-
SIHHBIME KO3buImenTamu) Boipazkaercst depe3 dyukmuu fi(t),. .., fim(t).

[TpoBeIéHHBIN AHAIN3 MOKA3BIBAET, YTO JJIsI COBMECTHOCTH cucTeMbl (31) B obmiem

cJLydae JIOJIZKHbI BbIIOJIHATHCS HEKOTOPbIE OLpe/Ie/IEHHbIe JIMHeiiHble KoHedHble u Judde-

pyuHIUAJIBbHBIE 3aBUCUMOCTHU (C IIOCTOAHHBIMHI KOSCI)HILHGHT&MH) MezKAYy IpaBbIMU YaCTAMUA

YPaBHEHWIA.
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Ecu 5T ye10BUsl BHIIIOJHEHBI, TO 00IIee pelieHne CUCTeMbI COIePKUT (B OBIIeM CIIy-
vae) JUHEHHO KaK MPOU3BOJIbHbBIE TIOCTOSHHbIE, TAK U MPOU3BOJIbHBIE (DYHKIIUH.

Xapakrep ycJI0BHI COBMECTHOCTH M XapaKTep Pelenuii (B 4acTHOCTH KOJIMIeCTBO PO-
M3BOJIBHBIX TIOCTOSIHHBIX U MPOU3BOIBHBIX (DYHKIIUIT) ONpeIessiioTCsT MUHUMATBHBIMU HH-
JIEKCAMH U 3JIEMEHTAPHBIMU JEeJUTesIMI IIyuka A + AB, MOCKOJIbKY OT 3THX HHJIEKCOB U

JlesiaTe el 3aBUCHT KaHOHIYecKast hopma cucreMbl uddepuHnnaibHbiX ypaBaennii (38)

— (42).
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5 Ilpumep.

Tpebdyercs pemurb cucremy 11 jiuneitabix gudepunnmnaibHbiX ypaBHeHUN 1-10 nopsijiKa

¢ 12 HeusBecTHBIMU (DYHKIHUSAMU C MOCTOTHHBIMU KOI(DPUITTECHTAMHY.

dx
Az +B— = f(1) (58)

riae A u B marpuipl Buja;

22 -7 31 —41 —44 -19 —26 4 12 15 —42 2
10 -4 16 —29 —19 10 -33 —26 32 6 13 41
8 -3 19 —-19 —-20 —-10 —-14 6 6 5 —-22 1
22 —10 10 -28 —18 -8 7 15 -3 12 —42 —20
—17 5 —4 36 16 —29 34 47 —43 —12 —30 —59
A=| 19 6 —28 42 39 7 34 10 —26 —13 22 —22
13 -8 17 —34 —21 20 —40 —38 40 5 19 50
—14 4 -1 37 11 —41 42 61 —57 —10 —50 —79
13 -3 15 —23 —21 —-14 -5 13 3 10 —-32 -8
2 -2 -1 -4 2 10 -4 -10 8 0 9 11
—4 6 11 -6 —18 —14 —14 10 4 2 —-17 -1
—33 17 26 14 —26 -5 —66 —29 23 —16 30 49
15 —11 —10 —17 11 14 15 -6 7 4 3 3
—29 12 29 14 -35 -9 —66 —24 19 —17 16 32
~16 8 14 10 -20 3 —42 -23 10 -8 19 27
—45 26 55 23 —68 —32 —103 —22 19 —19 0 36
B= 6 -3 —11 7 14 -8 34 25 —20 3 —19 —35
35 —22 —13 -3¢ 9 22 26 -10 9 13 -6 -3
—72 40 70 44 -80 —45 —135 —26 22 —-32 11 50
—22 12 17 11 —21 -2 —47 -20 13 —-10 19 31
4 -9 -7 -9 4 8 14 -1 -2 5 -5 -9
~19 14 19 7 -20 —10 —-40 -8 15 -5 13 27
(59)
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Paccmorpum mywok marpun A + \B:

T1
. 1—2t24+9¢e +2t+ 14 eV
T = L f) = —4t 42— Tet — D
~1-2t2—4det +3t—9elD
11

-1+t

—t— 12— et —6elY

2 -3t24+8et +t+ 6D
1+6t—2t2+11et +4elY

1—2t+4det +6e0

1—t2+10et +3t+ 51

2t +12+4et + 50
2t — 12 —2¢t — 3el-1)

A+ )AB =

22 =33\ —=T4+17x  31+26A —41414\ —44-26A —19-5X —26— 66X 4 — 29\ 12 4+ 23X 15 — 16X
10+ 15X —4—-11x 16—10A —29—17\x —19411X 104+ 14X —33415\ —26 —6A 32+ 7\ 6+ 4

8 — 29\ =3+12Xx 19429\ 19+ 14X —-20-35\ —10—9X —14—66X 6 — 24\ 6+ 19X 5—17X\
22 —16A —104+8X 104+ 14X —284+ 10X —18—20A -8+ 3\ 7T — 42X\ 15 — 23X -3+ 10X 12 — 8\
—17 — 45X 54 26X —4 4 55\ 36 + 23 16 — 68\  —29 —32X 34— 103X 47 —22\ =43+ 19\ —12—-19)
—19 + 6X 6 — 3\ —28 — 11X 4247 39 4 14X 7— 8\ 34 4 34X\ 10+ 256X —26—20\ —1343X
134+35X —8—22\ 17—13\ —34—-34\ —21+9X 20+ 22X —40+ 26X\ —38 — 10X 40 + 9 5+ 13X\
—14 —72\ 44 40X —1+4 70X 37 4 44X 11 — 80X  —41 — 45X 42 — 135\ 61 — 26\  —574+22\ —10— 32X
13 —22X =34+ 12x 15417\ =234+ 11X —21-—-21X —14-—2X —5—47X 13 — 20X 3+ 13X\ 10 — 10X

24+ 14X —2 -9\ —1—-7X —4 — 9\ 244 10 + 8A —4 + 14X —10— X 8 —2A 5\
—4 — 19X 6+ 14X\ 11+ 19X —6+7X —18 — 20X —14 - 10X —14 — 40X 10 — 8\ 4+ 15X 2 -5\

OTO CHUHTY/ISAPHBIH MyYOK T. K. KOJTUIECTBO CTPOK U CTOJOIOB Pa3IUIHO.

1 IlpuBeném mydoK K KAHOHHYECKOMY KBAa3WINArOHAJIBLHOMY BUY, & JJIS 9TOTO Haii-

JaéM panr marpurpt Mo[A + AB] = . CocTaByiiss 3Ty MaTpHILy, NPUBOJIA €€ K

BEPXHeTPeyroJIbHOMY BuIy mosydaem 4uro Marpuna Mo[A + AB] umeer panr paBHBI
11 < (0 + 1)12. I3 BbImOTHEHUST TOCTETHETO HEPABEHCTBA CJIEJLYET, YTO CYIIECTBYET JId-
HeifHas 3aBUCHUMOCTD C MMOCTOSTHHBIMU KOYDUIIMEHTAMU MKy cToaomamMu MaTpuisl M.
V1015151 HyJIEBble CTPOKHU B 9TOI MATPUIIE TOIyYaeM MPUBEJIEHHYI0 MATPHUILY ]\%[A + \BJ.
xy
Jlasee ymMHOXKas cIIpaBa Ha CTOJIOET] U IpUPaBHUBAs pe3yIbTaT K HYJIIO TOJyYa-
T11
€M OJIHOPO/IHYIO CUCTeMY JIMHEIHbIX ypaBHEHUIl, pelias KOTOPYIO, HOo/JydaeM CJie/1yOmuii

pe3yabTar:

19

—42 + 30X\
13 43X
—22 4+ 16X
—42 + 19X
-30
22 — 19X
19 — 6
—50 + 11X
—32 4 19X
9 —5A
—17+ 13X\

2+ 49X
414 3\
14 32X
—20 + 27X
—59 4 36X
—22 — 35\
50 — 3A
—T79 4 50X
—8 — 31X
11 —9X
—1+27X



\

T = Ty,
Tg = T,
x3 = 0;
xq = 0;
x5 = 05
xg = 0;
x7 = 0;
xg = 0;
x9 = 05
L0 = — 21,
x1 =0;
T2 = 0.

Takum obpazom, nmpubapIgsd K MePBOMY CTOJOIY BTOPOH M BBIUMTAS JECSTHINH, MBI

noJiydaeM HyJIeBOil 1mepBblii cTiiderr;:

0 —7+17x 31+26X
0 —4-11x 16—10x
0 —3+12Xx 19+ 29X
0 —10+4+8x 10+ 14X
0 5+26A —4 4 55\

= 0 6 — 3\ —28 — 11X
0 —8—22X 17—-13X
0 4+40x -1+ 70X
0 —3+12Xx 15+17X
0 —2-9X —1-7X
0

6 + 14X 11+ 19X

—41 + 14X
—29 — 17X
—19 + 14X
—28 + 10X
36 + 23
42 4+ 7\
—34 — 34\
37 + 44X
—23+ 11X
—4 — 9\
—6+T7A

A+ )\B =
—44 — 26X  —19 —5X
—19+ 11X 10+ 14X
—20—-352 —10—9X
—18 — 20X -8+ 3A
16 — 68X  —29 — 32X
39 + 14X 7—8X
—21 + 9 20 4 22X
11 — 80X  —41 — 45X
—21—-21A —14-—-2X
244X 10 +8A
—18 — 20X —14—10A

—26 — 66
—33 + 15X
—14 — 66
7T — 42X
34 — 103X
34 + 34X
—40 4 26\
42 — 135X
—5 =47\
—4 4 14X
—14 — 40X

4 — 29X\
—26 — 6
6 — 24\
15 — 23X
47 — 22X
10 + 25X
—38 — 10X
61 — 26X
13 — 20X
—10— X
10 — 8A

12 + 23X
32+ 7
6+ 19X
-3+ 10X
—43 + 19X
—26 — 20X\
40 + 9
=57+ 22X
3+ 13X
8 —2A
44 15X

15 — 16X
6+ 4
5—17X\
12 — 8X
—12 — 19X
—13 43X
54+ 13X
—10 — 32X
10 — 10X
5\
2 — 5

T. k. rank(My[A+ AB]) = 11, 10 or MMHEHHOl 3aBUCUMOCTH € TOCTOSTHHBIME KO3 ]-

IIEeHTAMI MeXKIY CTOJOIOB Mbl H30aBUIMCh. [IpoBepuM ecTh Jin THHEiHAS 3aBHCUMOCTD C

HOCTOSIHHBIME KO3 DuIeHTaMu MexK 1y cTpok. st Toro pacemorpum nydok A; + ABy,

rjae

20

—42 + 30X
13+ 3A
—22 4+ 16X
—42 + 19X\
—-30
22 — 19X
19 — 6X
—50 + 11X
—32+4 19X
9 —5A
=17+ 13X

2449
41+ 3\
14 32X
—20 427X\
—59 + 36\
—22 — 35\
50 — 3A
—79 + 50X
—8 = 31X
11— 9X
—1427X




-7 31 —41 —44 —-19 -26 4 12 15 —42 2
-4 16 =29 —-19 10 —-33 —-26 32 6 13 41
-3 19 -19 -20 -10 —-14 6 6 5 —22 1
-10 10 —-28 —-18 -8 7T 15 =3 12 —42 =20
5 —4 36 16 =29 34 47 —-43 -12 -30 -39
Ay 6 —28 42 39 7T 34 10 =26 -13 22 =22
-8 17 =34 =21 20 —40 —-38 40 5o 19 50
4 -1 37 11 —-41 42 61 —-57 —-10 —-50 —=79
-3 15 =23 =21 -14 -5 13 3 10 =32 -8
-2 -1 -4 2 10 -4 -10 8 0 9 11
6 11 -6 —-18 —-14 —-14 10 4 2 —-17 -1
"
17 26 14 -26 -5 —-66 —-29 23 —-16 30 49
-11 -10 —-17 11 14 15 -6 7 4 3 3
12 29 14 -3 -9 —-66 —-24 19 —-17 16 32
§ 14 10 =20 3 —42 =23 10 -8 19 27
26 55 23 —-68 —-32 —-103 =22 19 -19 0 36
By -3 —11 7 14 =8 34 25 =20 3 =19 =35
—22 —-13 -34 9 22 26 —10 9 13 -6 -3
40 70 44 -80 —45 —-135 —-26 22 =32 11 50
1217 11 -21 -2 47 =20 13 —-10 19 31
-9 -7 =9 4 8 14 -1 =2 5 =5 -9
14 19 7 —-20 -10 —-40 -8 15 -5 13 27

st TOro 9TOObI BBISBUTDH JIMHEITHYIO0 3aBUCUMOCTD C IIOCTOSAHHBIMEU KO3M buimenramu
MesK Iy cTpok, pacemorpum mydok AT+ ABT n B ném maitném mumeiinyio 3aBmcmMocTb
CTOJIOIIOB.
AT
Bf
rank(Mo[AT+ABT]) = 10 < (041)11 = cymecTByeT 3aBUCEMOCTh C TOCTOSTHHBIMH KO-

Cocrapum marpuny Mo[AT + ABI] = < ) U HafigéM e€ paHr.

scbpunmenTanu Mesx 1y ctpok. [puseném marpuiy My[AT +ABT] x BepxuerpeyromsaoMy
T

BHJLY, OTOPOCUM HyJI€Bbl€ CTPOKU U YMHOXKUM Ha CTOJIOeI] . Pemenue nostyuennoi

JAHEHHOW OAHOPOAHOW CUCTEMBI UMEET BUJI;
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xy
o)
x3
Ty
Ts
Te
Z7
I
L9
T10
T11

[ T12

—x1;
0;

= 0.

[Tpubasnsis k nepBoit crpoke mydka A; + ABj 1ATyI0, MECTYI0 U BBIYUTAsA CEJIbMYIO,

IOJIy4aeM IIy4OK C HYJIeBOW MepPBOi CTPOKOM

0 0
—4—11x 16 — 10X
-3+ 12X 194 29X
—10+8X 104 14X

5+ 26 —4 + 55X
6 — 3\ —28 — 11X

—8—22X 17 —13X
4+ 40X —1+ 70X
-3+ 12X 154 17X
—2—-9X —1-7X
6+ 14X\ 11+ 192

I
O OO OO0 o oo o oo

T. k. rank(My[AT + \BT])

0

0

—29 — 17X —-194 11X

—194 14X  —20 — 35\

—28 +10A —18 —20A
36 + 23 16 — 68X
42 4+ 7\ 39 + 14

—34 — 34X —2149X
37 + 44 11 — 80X

—23 4+ 11\ =21 —21X
—4 — 9\ 244X
—6+7A —18 — 20X

0 0 0 0 0
10+ 14X =33+ 15X —26 —6A 32+ 7A 6 + 4\
—10 — 9\ —14 — 66X 6 — 24\ 6+ 19X 5—17X\
-8+ 3\ 7T — 42X 15 — 23X —3 4 10X 12 — 8
—29 — 32X 34 —-103x 47 —22\ —43+19Xx —12—-19X

7—8X 34 + 34X 10 +25A =26 —20A —1343X
20422\ —40426X —38 — 10X 40 4 9 5+ 13X\
—41 — 45X 42 — 135\ 61 — 26X  —57+4+22\ —10— 32X
—14 —2X —5 —47X 13 — 20X 3+ 13X 10 — 10X

10 + 8X —4 + 14X —10— X 8 —2X 5\
—14 — 102 —14 — 40X 10 — 8X 4+ 15X 2 — 5\

10 = wmbl U30aBUINCH OT JUHEHHONH 3aBUCUMOCTHU C

HOCTOSIHHBIMU KO3 DUIMeHTaMu MeZKJIy CTPOK.

2 Paccmorpum nydok As + ABs, rue

—4 16

-3 19

—-10 10

5 —4

A, = 6 —28
-8 17

4 -1

-3 15

-2 -1

6 11

-29
—19
—28
36
42
—34
37
—-23
—4
—6

—-19 10
—-20 —-10
—-18 -8
16 —29
39 7
—-21 20
11 —41
—21 —-14
2 10
—-18 —14

—-33 =26 32 6 13 41
—14 6 6 5 —22 1

—40 —-38 40 5 19 50

—14 10 4 2 —-17 -1

22

7T 1 =3 12 —42 =20
34 47 —-43 —-12 —-30 -59
34 10 =26 —-13 22 =22

42 61 -57 —10 —-50 —79
-5 13 3 10 =32 -8
-4 —-10 8 0 9 11

0

13 +3A
—22 4 16X
—42 4 19X

—-30

22 — 19X

19 — 6A
—50 + 11X
—32+4 19X

9 —5A
—17+ 13X

0
41+ 3\
14 32X

—20 427X\
—59 + 36X
—22 — 35\
50 — 3A
—T79 + 50X
—8 = 31X
11 — 9X
—1+27A




-1 -10 —-17 11 14 15 -6 7 4 3 3
12 29 14 -3 -9 —-66 —-24 19 —-17 16 32
§ 14 10 -20 3 —42 =23 10 -8 19 27
26 5 23 —-68 —-32 —-103 —-22 19 -19 0 36
-3 —11 7T 14 =8 34 25 —20 3 —19 =35
—-22 —-13 -34 9 22 26 —10 9 13 -6 -3
40 70 44 —-80 —-45 —-135 =26 22 -—-32 11 50
1217 11 -21 -2 47 =20 13 -10 19 31
-9 -7 =9 4 8 4 -1 =2 5 -5 -9
14 19 7 -20 -10 —-40 -8 15 -5 13 27

B,

rank(As + AB3) = 9,9 < n = 11 = croabupl nyuka As + A\By JuHEHHO 3aBUCHMBI.
[TosTomy B KaHoHUYECKOiT (hbopme myduka o0g3aTebHO ecTh L., , €1 > 0. g onpenerenus
€1 crpouM caegyoue Marpuubt: Mo[As + ABs], rank(My[As + ABs]) =11: py =
—11=(0+1)11 =& #0
Ay 0
Mi[As +ABs) = | By Ay |, rank(My[As + ABy)) =21: py =21 < (1+1)11 =
0 By
g1 =1
DJIeMEHTaPHBIME PEOOPA30BAHUSIMEI, KOTOPbI€ PABHOCHJIbHBI Y MHOZKEHUIO 1y YKa Ao+

AB, cuipaBa u cjleBa COOTBETCTBEHHO HA HEBBIPOKICHHBIE KBAIPATHBIE MaTpUIlbl P u (J:

-7 5 1 -3 5 1 -3 1 -3 3
16 16 16 16 16 4 8 8 8 16
21 -15 -3 9 1 -3 9 5 17 7
6 16 16 16 16 4 8 8 8 16
9 -11 1 5 -3 -1 5 1 9 3
8 8 8 8 8 2 4 4 4 8
-3 1 -3 1 1 1 1 1 1 -1
8§ 8 8 8 8 2 4 4 4 8
-3 7 -5 -1 7 3 -1 3 -9 1
- 16 16 16 16 16 4 8 8 8 16
5 1 -3 -7 1 1 1 5 1 7
6 16 16 16 16 4 8 8 8 16
5 1 5 1 1 -1 1 -3 1 -1
8 8 8 8 8 2 4 4 4 8
~-15 13 1 -3 -3 1 -7 -3 —11 -5
8 8 8 8 8 2 4 4 4 8
-1 9 -3 -7 1 1 -3 1 -7 -1
'8 8 8 8 8 2 4 4 4 8
-1 -5 -1 3 3 1 3 3 3 -3
8§ 8 8 8 8 2 4 4 4 8
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0 102 185 6 <95 64 —64 13§ 94 17T 8
31 31 31 31 31 31 31 31 31 31 31
—-13 44 9 -19 -56 27 =27 65 29 -3 41
31 31 31 31 31 31 31 31 31 31 31
25 —-56 —104 -4 60 —-40 40 —-94 51 1 =55
31 31 31 31 31 31 31 31 31 31 31
4 =35 —65 13 22 6 25 =51 —-28 —11 —15
31 31 31 31 31 31 31 31 31 31 31
-1 32 5  —11 —-21 14 —-14 36 7 -5 27
31 31 31 31 31 31 31 31 31 31 31
0, = —18 49 99 -—-12 =37 4 =35 59 33 3 21
' 31 31 31 31 31 31 31 31 31 31 31
17 —-17 =36 1 6 -21 21 —-23 -26 -8 —25
31 31 31 31 31 31 31 31 31 31 31
5 -5 =21 -7 12 =8 8 —-25 —4 -6 -—11
31 31 31 31 31 31 31 31 31 31 31
11 -1 -16 -3 14 1 -1 -24 -15 -7 -—18
31 31 31 31 31 31 31 31 31 31 31
-6 37 82 -4 =33 22 =22 61 42 1 38
31 31 31 31 31 31 31 31 31 31 31
11 —-42 -78 -3 45 =30 30 =55 —46 -7 —49
31 31 31 31 31 31 31 31 31 31 31
npuBoaANM Ty4oK K Buy {Li, A3 + ABs}, tne L. = ( 21 >
TaKI/IM 06pa30M AQ + )\BQ ~ P1 <A2 + )\BQ)Ql =
0 0 0 0 0 0 0 0 0 0 0 0
0 A 1 0 0 0 0 0 0 0 0 0
0 0 0 TA T—12X  —T—6XA —9+43\ —1+6\ —3+9A 13X THI12X —T+7A
0 0 0 —244X  4—8\ —6-2\ —5+6\ —3+2X A —246X 344X —446)
0 0 0 3-XA —2-2\ 2-3\ “A 2-20 —142A 1 A 24
0 0 0 242\  2-6\ —2-6) —5 142\ —245\ 246X 5460 —242)
0 0 0 —8—4x —19+2\ —4+10A 2345\ —1+X 21-3) —6X  —14— 13X 11
0 0 0 144X  7—3\ —1-2\ —7—3% —2+2\ —5+X —4+5) 247N —4+42)
0 0 0 143\  2-8\ —4-5X —5+2\ —14+X —1+47\ —1+6A 3460 —245)
0 0 0 —2-2X —T+7\ 1451 10—3X A T—T7A  2-4Xx  —4-5X 5-5)
0 0 0  3+2A 8  2-3\ —9-2\ —1-3\ -9+ —3+4A 344N —d42
= A3+ A\B3 =
TA T—12X  —T—6\A —9+43\ —1+6\ —3+9A 13X THI12) —T+7A
—244X  4—8\ —6-2\ —5+4+6X —3+2\ A —246X 344X —446)
3—A  —2-2%  2-3) “A 2-2) —142A 1 A 24
2420 2-6X —2—6A —5 142\ —245)\  2+6A 5460 —242)
= | —8-4x —1942% —4+100 23451 —1+A 213\ —6X  —14— 13X 11
144X 7-3\ —1-2\ —7—3\ —2+42\ —5+X —4+5\ 247N —442)
143X 2-8\ —4-5% —5+2\ —14+X —1+7A —1+6X 3460 —245)
—2-2\ 747\ 1+5x 10-3x A T—TA  2—4Xx  —4-5X 5-5)
34 8  2-3\ —9-2\ —1-3\ -9+ —3+44\ 344N —442
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3. PaccmarpuBaem myuok As + ABs, rank(As + AB3) = 8 < 9, = cymecrByer

JUHeHAsd 3aBUCUMOCTDL Mexk 1y croaomamu. Haiiném L.,, €2 > 1 = 1. na onpenenens

As 0
g9 crponM cirepytorue Marpunbi: My [As + ABs) = | Bs As |, rank(M[As+ ABs]) =
0 Bs
A; 0 0
Bg Ag
=18 = (1+1)9 =18 CTpOI/IM Mg[Ag—F)\Bg] = s Tank(Mg[A3+>\Bg]) =
0 By As
0 0 Bj

A1 0
< (241)9=27, ey =2 L., —
@+1) “ 2 (o A 1)

DJIeMeHTapHBIMH IIPe0OpPA30BAHUSIMEI, KOTOPhIe PABHOCHIBHBI YMHOXKEHHUIO IIyYKa A3+

ABj3 cupaBa u cjieBa COOTBETCTBEHHO HA HEBBIPOKICHHBIE KBA/IPATHBIE MATPUIbl P 1 (Jo:

L3 10 3 0 o
2 2
o L o X 901 0 o
2 2
1 -1
0O -~ 0 — 00 0 0 0
2 2
0 2 1 2 —4 0
p2:01110100—2—10
0O — 0 — 00 0 0 0
2 2
o =& 1 L 90 11 1
9 2
0_10_310112
9 2
1 —1
0 — 0 — 00 0 —1 —1
9 2
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6 -1 -1 -2 2 3 3 -2 -2
7 14 14 7 7T 7 14 7 7
11 5 -2 13 1 -9 -8 6 -1
7 T 7T 7T 7 7T 7T 71 7T
17 -25 17 -4 -3 5 19 3 —4
14 28 28 7 7 14 28 71 7
1 13 -1 -1 1 3 —11 -1 -1
14 28 28 7 14 28 7 7
1 -1 ~1
Q2 = 1 3 o 1 0 -1 - 0 0
-5 -9 5 3 -3 -1 -1 3 -4
7 14 14 7 7 7 14 7 7
32 2 1 -1 2 1 1 1
T 7T 7T 7T 7 7 7 7 7
-5 -9 5 -2 2 -1 -1 -2 -2
14 28 28 7 7 14 28 7 7
5 3 -3 -3 -5
3 11 05 o !
As + ABs ~ Py(A3 + AB3)Qs =
A 100 0 0 0 0 0
0AN10 0 0 0 0
000 XA =\ 0 —1—X 2\ 1—2\
0001 1 —2 -1  242x 1-2A
= o0oo000 2-x —24+x 2-2\ 2\ 1—\
0000 -3 1—-2\ )\ 343\ —2+42)
0000 343\ —1—-X A  —1-3x 1+
0000 5+A —3+A 3—X —3-32 2-)\
0000 —3—2\ 10 1+ 2X 1
3. Paccmorpum nyuok Aq + ABy =
A=A 0 —1—X 2\ 1—2)
1 1 2 1 242\ 1—\
0 2—X —2+4X 2—2)\  2A 11—\
= o -3 1-22 A 343\ —242)
0 3+3\ —1-X A  —1-3\ 1+
0 5+A —3+XA 3—X —-3-3\ 2—2\
0 —3—2) 10 142\ ~1

ranA(As + ABy) = 6, =

CYNIECTBYET JIMHEHHAs 3aBUCUMOCTH MEXKJy CTPOKAMHU M B KAHOHMYECKOH bopme Iyuka

AT

npucyrcrsyer Ly, . Haiiném L, paccmarpusas marpuust Mo[Al + AB]| = Bé; ,
4

ran\(Mo[AT + ABT))=7=(0+1)7=7
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AT

MAT + ABT) = | AT BT |, ran\(Mo[A] + \BI])) =14=(1+1)7=14
Af
AT 0 0
My[AT + ABT] = Bi A 0 rank(My[AT + A\BI]) =14 < 2+ 1)7=21,=
0 BI AT |’ ’
0 0 BT
A0
m = 2 TakuM obpazom L, = 1 A
0 1

DJIeMeHTapHBIMH IIPe0dpA30BAHUSIMHI, KOTOPhIe PABHOCHIBHBI YMHOMKEHHIO Iy dKa A4+

AB, cupaBa u ¢jieBa COOTBETCTBEHHO Ha HEBLIPOXKIEHHbIE KBaIpaTHble MaTpulbl Py u (Q3:

10 —1 1 -1 1 —1
-5 3 -7
1 —= 2 L 2 _
0 2 2 2 3
00 -1 1 -2 1 -2
00_11_100
Py = 2 2 2
3 1 -3
2 - 21 -1
00 5 5 3
00_11_101
2 2 2
00 00 10 1
1 -2 -4 -3 1 —1
0 0 -1 00 0
0 -1 -3 -2 1 0
Q3_00—1—100
O 0 0 00 1
0 -1 —1 =1 0 0
A4 + )\B4 ~ Pg(A4 + )\B4)Q3 =
0 0 0 0
0 0 0
0 0 0 0

1+2A -1 2—X 242\
—1-X —-1-2AX 1 —1—-2)
0 0 1—=A 1
0 0 —A —-A

S O O O O = >
o O O O = >» O
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1+2A -1 2— N 24+2A
—1-X —-1—2A 1 —1 =2\
4. Pacemorpum nyuok As + A\Bs = 910 pe-
PIRILTHOR Ao AT 0 0 1-x 1 b
0 0 —A -
ryaapubiii mydok, npuaém det(B) # 0, cienoBarebHo, 66CKOHETHbIE 3IeMEHTAPHBIE J1e-

quten orcyTcTByIoT. [Ipueném ero k nHopmasibnoit hopme 2ZKoprana:

1420 —1 2—X 242\ A1l 0 0
“1—X —1—-X 1 —1-2x 0N 0 0
As4A\Bs = ~ — Py(A5+A\B5)Qu,
ST 0 01— 1 00 14X 14\ 1(AsF+AB5) (s
0 0 N N 00 24X A
0 0 -1 0 1 01
0o 0 0 1 0 10
roe Py =
0 -1 0 1 0 00
1 -1 1 1 ~10 0
A1 0 0
Py(As + AB5)Q 0A 0 0 Py(Py(As + ABs)Q4)Q
~Yy = Fe
4\ A5 5)&J4 0 0 A+l 1 544\ A5 5)J4) s, T,
00 0 A+1
1000 10 0 0
0100 01 0 0
P:: y pr—
; 0001 % |00 1ol
0010 00 —11

Takum oOpasom, HCHOJIB3YsI dJIeMeHTapHbIE JIMHEHiHbIe TPeo0pa30BaHusi Mbl IPUBEJIUN

UCXOAHBIN Ty40K A + AB K KaHOHMYECKOMY KBa3WIHArOHAJIHLHOMY BHJLY:

A+ AB ~ P(A+\B)Q =

0000O0OO0OO0OO0OO0OTO0O O 0
0OAxXx100O0O0OO0OO0OSO0O O 0
000AX1T0O0O0OO0OO0O O 0
0000AXN1TO0OOO®O O 0
0o000O0O0AXNO0O OO0 0 0
=100O0O0O0O0O1TAXO0O0 O 0
0o000O0O0OO0OT1TO0O0 O 0
000O0O0O0OO0OTO0AXNT1 0 0
0o000O0O0O0O0OO0OX O 0
0000O0O0OO0OO0OO0OO0OTI1I+Ax 1
000O0O0OO0OO0OO0OO0OO0O 0 1+

[\]
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rae Marpunbl P u () uMeoT BUI:

O O O O O o o = =

|
—_

o O

—37
32
7
16
191
32
65
32
~75
32
57
16
~11
16
151
32
—21

0o ——

8
25
16

7
32

—40
31
=13
31
=60
217
—100
217
—218
217
1084
217
323
217
189
31
—249
217
814
217
—1065
217

143
32
5
16
—221

32
—67
32
129
32
~19
16
33
16
—181

32
23
8
—51
16
~101

32

0

102
31
44
31

184
217
162
217
900
217
—3006
217
—1005
217
—561
31
373
217
—2395
217
3266
217

67 —41 —-129 —-33 -89 —117 -39 -—-5H7
32 32 32 8 16 16 32 16
1 -3 5} 1 -3 1 3 -3
16 16 16 4 8 8 16 8
—57 o8 3 139 9% 69 187
32 32 32 8 16 16 32 16
-7 21 13 -3 37 17 27 53
32 32 32 16 16 32 16
@ -39 -79 —-15 —-87 =75 —41 =87
32 32 32 8 16 16 32 16
17 13 27 =13 9 —23 11 37
16 16 16 4 8 8 16 8
13 -7 —31 -7 =23 =27 -9 —15
16 16 16 4 8 8 16 8
—33 67 o7 107 71 61 131
32 32 32 8 16 16 32 16
3 -9 —1 1 —13 -5 -7 =21
8 8 8 2 4 4 8 4
—15 13 37 7 33 33 11 29
16 16 16 4 8 8 16 8
—49 1991 23 7B & 13 5l
32 32 32 8 16 16 32 16
0 0 0 0 0 0 0 0
185 -6 -—96 04 =64 g5 94 -7
31 31 31 31 31 31 31 62
95  -19  -s6 27 31 6 29 -2
31 31 31 31 31 31 31 31
22 75 —443 347 127 569 172 —461
217 434 434 434 217 434 217 868
500  —46  —116  —181 67 221 142 43
217 217 217 217 217 217 217 217
3365  —323 3277 2319 1299 5321 813 —3321
434 868 868 868 434 868 217 1736
—12693 2281 9743  —2889 4343  —16379 —2659 6227
434 868 868 868 434 868 217 1736
—1924 193 1817  -953 709  —2051 897 1515
217 434 434 434 217 434 217 868
9991 349 1895 881 797  —3067 486 1531
62 124 124 124 62 124 31 248
2860  —1005 ~ —487  —2827  —555 1663 410 2445
434 868 868 868 434 868 217 1736
—0467 1437 8143  —3889 3417  —13211 2102 6635
434 868 868 868 434 868 217 1736
12773 —2003 —11061 5483 —4617 17921 2836 —9313
434 868 868 868 434 868 217 1736
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0

105
62
19
31

45
124
11
31
513
248
—1595
248
—281
124
—2093
248

203
248
—1283
248
1737
248




[TepeiinéM cOOCTBEHHO K PENICHUIO CUCTeMbl AT + B‘é—? = f(t).
BBeéM HOBBIE HeHM3BeCTHBIE (DYHKIINH 21, 22, . . . , 212, CBA3aHHBIC CO CTAPLIMHE IIPeobpas3o-

BanueM x = (Qz. Toraa f: Pf= (ﬁ,};; - ,J}vn) =

Taxkum o6pazsoMMbl TOTYUILTH CIeIYIONyo cictemy Az + B L — f(t), rue
A+ AB=1{0,Ly, Ly, LT, I + \E}

B coorBercTBuM ¢ amaroHaabHBIME 0JIOKAMU CUCTEMa PACIaaeTcs Ha CJIeIyIOIIe:

1-i1 OJI0K:
021:]?1(75):0 = Vz;

[Iycts 21 =t +1

2-i1 OJIOK:

E+23:ﬁ(t):t

[lepemennas z3 Tak:ke cBobojanas. [lyctb 23 =1 = %2 =0= 29 =0y

3-it 610K B
% + 25 = fi’) =1;
©s 4 25 = f1 =t

ITycth 26 = 12 = 25 = 5 = 24 = tcs + cg

4-i1 6J10K: _
%:fssz;

Lo 4z =fo=1;

28 = fr = —ét.

[TpoBepum ycJjIOBUSI COBMECTUMOCTH:
~ dfy  &2f .
— 2+ L= 0—-e"=0, =
fs dt | de2

CHCTEeMa COBMeECTHa.
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Pemas sty cucrtemy nomydmm:

5-it 6JI0K: _
Lo 4 z10 = Js=1;
Lo — fy = —2t.
2
= 210 = —tz + C10, 29 = —g + (Cl() + 1)t + Cg
6-it 6Jr0Kk: _
Lo T 210 = fs=—e™

dzio __ _ ,—t
@ =le=e

Pemus 9Ty CUCTEMY IIOTy4daeM CJIe,HYIOHH/Iﬁ pe3yabTaT:
t2

212 = (012 + t)e_t, 211 =cpe - (Clgt +t+ 5)6

Takum o6pa3oM, MbI MOJIYYHIN PEIIeHHe:

let—{—l;
Z2 = C2;
Z3:t;

zy = tcs + Cg;

%5 = Cs;

2 = 1%

7 = €

25 = —el;

29 = —5 + (c10 + 1)t + co;
z10 = —t* + c10;

211 =cpet — (et +t + %)e‘t;

219 = (Clg + t)e_t.

\

[Tepeitném obparHO K KOOpAMHATAM X: & = (Y2
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= [t+1]
133t 185tcs  190t* 128 463 138(c10+1)t 71
Ty = + t

— T et — ——cl11e=Y
31 31 I S TR 31 g2 1€
105
14+ = (el (=)
62% + % (c12+t)e
13¢2 44t 95tc5  95¢6 19¢5  85(% 54, 6513 65(cl0+ 1)t
T3 = |— + - - T o6 — +
31 31 31 31 31 31 ' 31 93 31
65¢9 29¢10 22 19
— Zel1e + %14+ = (12 +t) e
_ TR TR TR %+31<C Tie
N 184 ¢ | 202t 787 12 L 6oL, 569t3 569 (c10 +1)¢t 461 11 o0
= — _6 - C
Y217 217 434 434 1302 T8
461 45
— — (c12+1t)e
568 P T g (12 ]
[162¢  509t¢5 2581 114 221t3 (010+1) 43
— _ _ - 11 (=9
S T YT o7 217° 217 €
43 11
— 14+ 2= (el (=)
217% +31(c 2+t)
N 900t 3365tc5 65292 N 4917 , 532143 | 5321 (c10 +1)t
= — e —
6 217 434 868 868 2604 868
3321 3321 513
— T o111 (D (el (=)
1736 (11 F g ALt g (12 Ht)e
N 3006t 12693tc5 20379t 11575 'y 163794 16379 (c10 + 1)t
— — —_ — e .
7 217 434 868 868 2604 868
6227 6227 1595
111 — 1— ——(c12 +t)el
1736 “° € 1736 0L~ ggg (12 +1)e
N 1005¢ 1924t c5 N 36112 2371 - 29513 2951 (c10 + 1)t
p— — —_— —_— 6 P
8 217 217 434 434 1302 434
1545 1545 281
11D — — T (c12 +t) el
363 11 ¢ 363 LT g (12 t)e
N 561t 2221t ch . 38392 2475 - 306745 3067 (c10 + 1)t
p— — —_— J— 6 P
o 31 62 124 124 372 124
1531 1531 2093
11 -1 — 1— 12 4+ t) =0
tog e oag 1 g (12t t)e
N 156t  2869tc¢5  2869c6  2127¢* 1717 , 16633 N 1663 (c10 + 1) ¢
pr— — p— 6 —
10 217 434 434 868 868 2604 868
2445 2445 203
110 — 1+ 12 +t) eV
1736 < € 1736 Lt gpg (12 +H)e
N 2395t 9467t cSH N 165512 10723 'y 132113 13211 (c10 + 1)t
pr— — — — 6 —_—
H 217 434 868 868 2604 868
6635 6635 1283
—— c11e — %1 — —— (c12 +t) et
T 1736 1736 0L ogg (12 H T
N 3266t 12773tc5 2240512 . 14717 , 17921 . 17921 (c10 + 1)t
= —_ e —
2T 217 434 868 868 2604 868
9313 9313 1737
— 11 et 12 + 1) et
1736 (1T g L g (240l ]
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