Jlekun 1o TeH30pHOMY aHaIN3y

0. 9. 3ybeneBuu

1 Bseaenne

3aKOHBI (PUBUKN BBIPAXKAIOTCST yPABHEHUSIMU, KOTOPbIE 3aIIMChIBAIOTCS B TOM
UM UHOI cucTeme KoopauHat. Ho camu 9Ty 3aKOHbI MHBAPUAHTHBI, T. €. He
3aBUCAT OT CUCTEM KOODJIMHAT.

B pasnbix cucremax KOOpJMHAT OJIMH U TOT »Ke (PUBUUYECKU 3aKOH 1TPejI-
CTABJISIETCSI COBEPIIEHHO PA3JIMIHLIMU YPABHEHUSIMHU, 38, KOTOPBIMU YaCTO He
BIJTHO MHBAPUAHTHON IPUPOJIBI 9TOro 3aKoHa. Cjie1oBaTe/IbHO, Mbl JOJ2KHbI
HAYUIUTHCS BBIJIEISITH T€ CBOMCTBA ypaBHEHUN (PUBUKHU, KOTOPHIE OT KOOP/IHU-
HATHOI'O PEJICTAaBJICHUS HE 3aBUCAT, U OTOMY UMEIOT (PU3UYECKUN CMBICII.

JL71s1 peltiennst 9TOi 3a/1a9K CJIYKUAT allllapaT TeH30PHOTO aHAJIU3a, OH 1103~
BOJISIET PA0OTATH C KOOPAMHATHBIMU IIPEJICTABICHUAME (PUBNICCKUX 3aKOHOB,
COXPaHsisi MHBAPUAHTHYIO TEPMUHOJIOTHIO.

[TepBasi yacTb 3TOrO0 Kypca siBjsieTcsi BBEJECHUEM B HMOJIMJIMHENHYIO aJire-
opy. B Heit usyuaercs ajaredbpanyueckue acleKThbl TEH30PHOIO aHAJIM3A.

Bropast wacTh Kypca nocBsiieHa sjieMenTaM JudhepeHimaabHOro nCauc-
Jlenust TeH30poB. Paccmorpenn ciienyroniue TeMmbr: guddepeniuababie (pop-
MBI 1 BHemiHee jauddepeHiupoBanne, Npou3BogHasa JIu, ¢BI3HOCTh U KOBa-
puanTHoe nuddepennuposanne, TeH3op Pumana.

OTmeTnM HEKOTOPhIE 0COOEHHOCTH M3JIOKEHUS.

Bee ¢ynkiuu, BeTpedaronecss B 9TOM Kypce, CHUTAIOTCs OeCKOHEeYHO
nuddepeHnupyeMbIMU B CBOMX 0DJIACTSIX OIpE/Ie/IeHUs.

Tak kak mgudppepeHImpoBanme SIBJISETCs JIOKAJbHON omeparueil, Mbl He
BBOJIUM IOHSITHE MHOI0OOpa3us. Bce nmocTpoeHusi Npoucxo/isT Ha, TOBEPXHO-
CTU, KOTOPasl COCTOUT U3 OJIHON KapThl 1 JIJIsI YI00CTBA BOCIIPUSITHS BIOXKEHA,



B IIPOCTPAHCTBO OoJbIIeil pa3zmMepHocTH. HecMoTpst Ha yKazaHHYO crernudu-
Ky, cojiep:KaHne Kypca JIeTKO TepeHOCUTCs Ha CIydail MPOM3BOJBHOTIO TJIa/l-
KOI'0 MHOI'00Opa3usi.

Yacte 1

IHomuauneitnasi ajaredopa

2 Oob6o3HaveHus 1 onpeaeIeHud

Tenzopnast ajaredpa uMeer j1eJi0 ¢ HAbOpaMu IUCETT BUJIA, tjll 5 e BEpXHHE
vorda
1 HUXKHUE UHJIEKCHI IIPOOErafoT Pas/MIHbIe HeJOUNCACHHbIC 3SHAYCHUSI:

ik,jg€e{l,....m}, k=1,....p, 1=1,...,q

STI/I MHOT'OMHAECKCHDBIE Ha60pbl quceJl HpHXOﬂI/ITCH HepeMHO}KaTbJ HOJIy‘{aH
iviz ok ik
J1:J2,J3 M J1,J2,73,17

]1,33 Z Z ;11: s,.J3 7"' (21)

s=1 r=1

HOBbIE HAOOPbI, HATIPUMED: @ ; 1 CyMMUPOBATh, HAIIPUMED:

B nocieaeM ciydae NpUHSITO, CAeAys DUHINTERHY, ONMyCKaTh 3HAKH CYMMHU-
poBanus. B coorsercrBue ¢ stuM dopmyna (2.1) npuobperaer BuI:

i _ T s

J1,d3 T 1,843 T
[Ipu sTOoM orMeualorT, ecjiu HeoOXOAUMO, UTO CyMMUPOBAHUE BEJAETCs 110 WH-
JeKCaM T M § OT eJIMHUIIBI JI0 M.

Urax, eciiv B hopMyJie OJIMH B TOT 2KE UHJIEKC BCTPEUIACTCS JIBAXK bl CHU3Y
U CBEpPXY, TO IO 3TOMY MHJEKCY BeJIeTCA CYMMUPOBaHUE, HAIIPUMeED:

m
i _ i
a; = g a.
i=1

JIByxXUHIEKCHBITT HAOOD 1nce

s ; 1 ecm i =7,
iy =0 =0i = 0 emmz';éj'

Ha3bIBAETCsl CUMBOJIOM Kponekepa.



Nuorga yaobHO HCIONB30BATH IITPUXOBAHHBIE HHJIEKCEI, HApUMeEp: ;. B
STOM CJIy4ae CYMTACTCH, 9TO IITPUX NPOCTO MEPEHECEH Ha WHJIEKC ¢ OYKBBI,
T. e ¢y =c,upusrom I'=1, 2'=2wur u

HanoMHMM HECKOJIBKO ONpPEIe/ICHIIA.

Omnpenenenne 2.1 Paccmompum mmnoocecmea A u B. Omobpasicenue f
A — B nasvisaemca buexyuet, ecau ono xascdomy saemenmy a € A cma-
sum 6 coomsemcmeue eduncmeernnul snemenm f(a) € B, u xascdomy sae-
menmy b € B coomeememeyem eduncmeennoil ssemenm a € A, maxod,
wmo f(a) =b.

Ecau omobpasicenue fasasemea buexyuedi, mo ono umeem obpammoe
omobpasicenue f=1: B — A, onpedeaennoe dopmyramu:

FUEH®) =b, f(f(a) =a.

Onpenenenne 2.2 Paccmompum aunetinove npocmpancmea L u M. Jlu-
netinoe omobpasicenue A : L — M wmasweaemcsa Aunetdinvm u3omophus-
MOM, €CAU OHO ABAAEMCA Oueryuet. Moocno nokazamy, wmo 6 IMom CAYUGE
obpammoe omobpastcenue moxtce NUHeTHO.

3 ConpgxxeHHoe IIPOCTPAHCTBO U B3aMMHBII Oa3mc

[Tycrs L — m—mepHOe JinHEeHHOE TPOCTPAHCTBO HAJL MTOJIEM JeHCTBATEIHLHBIX
quces R. Oboznaunm gepes L* MHOXKECTBO JUHEHHBIX (DYHKINOHAJOB f
L — R na npocrpancrBe L. DTO MHOXKECTBO TOXKE SIBJIACTCHA JIMHEHHBIM
MPOCTPAHCTBOM OTHOCUTEJIHLHO ONMEPAINK CIOXKEHUsT (DYyHKIMOHAJIOB:

(f+9)() = f(x) +g(x), fgel’ zel

1 YMHOXKEHUsI (DYHKIIMOHAJIA HA YUCJIO:

(Af)(@) = Af(z), AeR.

DJIeMEeHThI TPOCTPAHCTBA L™ HA3BIBAIOTCS KOBEKTOPAMM.

SajaaumM B ipoctpancTBe L 0a3uc ey, . . ., €y, 1 pAaCCMOTPUM (PYHKIIHOHA-
a1 {el, ..., e™} C L*, 3ajannubie COOTHOMCHTAMHE:
i _ s
e'(e;) = ;. (3.1)



Baga4ga 3.1 [lokaoscume, wmo dynryuonarol, onpedesernvie opmyrot (3.1),
AUNETHO-He3A6UCUMDL.

Bnavenne dyHKIHOHATA €' Ha 1060M BekTOpe T = T¥e) onHO3HAYHO Ompe-

Jesisiercsi (popMyJioii:
e'(x) = zFe'(e),) = 20t = 2. (3.2)

D70 o3HaUaeT, 9TO PYHKIMOHAIIDI (ei) eJIMHCTBEHHbIM 00pa30M BOCCTaHAaB-
JIMBAIOTCsL 110 jlaHHoMYy baszucy (e;).

B cooreercrBun ¢ dpopmyJioi (3.2) BO3bMEM NPOU3BOJILHBIIA JTUHEHHBII
dyukimonaa f u paccCMOTPHUM €ro 3HaUEHHEe Ha BEKTOPE X:

fx) =" f(er) = fler)e"(x).

DTO PaBEHCTBO IOKA3bIBAET, UTO JII00O0H (PYHKIIMOHAJ PACK/IAIBIBACTCS B JIH-
HeHy0 KOMOMHAINIO (bYHKIMOHAJIOB €' o (popMmyJie

f=re, fi=fle).

TakuM 06pazoM, BYHKITHOHAIB €' 06pa3yIoT 6asuc B mpocTpancTse L*. Dror
basnc Ha3bIBAETCsl B3aMMHBIM K Oasucy (e;). Habop wucen (f;) siBisiercst Ko-
opanHaTaMu (pyHKIMOHAJA [ BO B3aMMHOM Oasuce.

Kax u B ciiyuae BEKTOPOB, IIPH CJIOXKEHUHU (DYHKIMOHATIOB UX KOOPIUHATEI
CKJIAIBIBAIOTCS, & IPU YMHOXKEHUU (DYHKITMOHAJA Ha IUCIO €r0 KOOPINHATEI
YMHOYKAIOTCST Ha, 3TO IUCIIO.

4 Ilpeobpa3oBanme KOOPAMHAT BEKTOPOB 1 JIMHEHHBIX
b yHKIIMOHAJOB IIPpU 3aMeHe ba3uca

3a1a 1M B IPOCTPAHCTBE L HOBBII OA3UC €1/, . . . €y, CBI3AHHBINA CO CTAPBIM
OCPEJICTBOM HeBbIpOXKieHHo# mMarpuipt C' = (cl):

-/

e = ches, e =cier, C7'=(d). (41)

Ormerum, uro dopmyna CC~1 = E B KoOpJMHATHOM BHJIE 3alUCHIBACTCS
TaK:

-/
chel = oF. (4.2)

7

PaznoxkuM BEKTOp & O CTapOMy U HOBOMY Da3uUCy:

/

r=ua'e;, = x"ey.

4



[TospcTaBiissg B 570 BhIpaxKenue (popMyJy Ipeodpa3oBaHus BEKTOPOB Ha3uca,
OJIyaeM:
; -/
rle; = o cf,ek.
[IpupaBauBas B mocaeaneit popmysie KoapHUIUeHThI IPU COOTBETCTBYOIINX
0A3MCHBIX BEKTOPAX, HAXOJIMM:

!

ot =k’ (4.3)

Takoit 3akoH peoOpa3oBaHus KOOPAUHAT HA3bIBAETCS KOHTPaBapUaHTHBIM.
Teneps paccMoTpuM 3aKOH TpeoOpa30BaHusT KOOPJAUHAT B COMPSIKEHHOM

/ /!
npocrpancrse. [ycrs el ..., €™ — pzaumnblii K (e;) Gazuc:
i sl
e (ej) = 0y (4.4)
OueBn,iHO,
-/ -/
e’ =de" (4.5)

rae (d}) — KOMIIOHEHTDLI HeKOTOPOH HeBLIPOXKICHHOMA MaTpuubl. IlojcTap/iss
dbopmyuibr (4.5), (4.1) B (4.4), nonyuaem:

ei/(ej/) = dgek(cé,el) = ché-,ek(el) = Zcé-,(ﬁ“ = df/cé-, = 6;/,
Orkysa naxoguM di = cl7 5;/, = ¢! Taxum obpasom, dopmyia (4.5) npuot-
peraeT BUJL;

N (O B Y
e =cje', e =cye'. (4.6)

BriBesieM 3aKOH TpeoOpa30BaHusi KOOPAWHAT JIMHEHHOTO (PYHKIIMOHAJA TTPH
3amene Oasnca. Paznoxxnum dynkinonan f € L* nmo crapomy u HOBoMY 6a3w-

cy:
i i
[ = fie" = fue".
[TojcTaBiissa B 5T0 BhIpaxKeHnue popMyJly Ipeodpa3oBaHus BEKTOPOB Ha3uca,
[OJIY UMM

i Kl
fie" = fre e
[IpupaBauBas B mociejneit popmysie KoapHUIUEeHTHI IPH COOTBETCTBYOIINX
0a3UCHBIX BEKTOPAX, HAXOJIMM:

fz’ = Ci-g/f/{;/. (47)

Takoit 3akoH npeobpa3oBaHus KOOPJAMHAT HA3bIBAETCs] KOBAPUAHTHBIM.



Bagaua 4.1 Paccmompum dynxyuonan f = fie' € L* u sexmop v = v'e; €
L. Hdoxasicume, wmo f(x) = fix'.

B zaksodenre oTMeTrM, 9TO BCSIKWMN BEKTOD T W3 L MOXKHO TPaKTOBaThH
KaK JIMHEHHbIH (DYHKIMOHAJ Ha ITPOCcTpaHCcTBe L*, TO eCTh KaK 3JIEMEHT [1PO-
crpancrBa L™, sHadenne koroporo Ha snemente f € L* pauo f(x).

Bamaua 4.2 Jokxaoscume, wmo onucaHHoe cOOMBEMCMEUE MEHCAY INEMEH-
mamu npocmpancme L u L™ asasemcea ecmecmeentvim (mo ecmov He3a6u-
CUMDIM O, CUCTNEM %oopdunam) AUHETHDIM U30MOPPHUMOM.

[To cymectBy, 90 Jenaer npocrpancTsa L u L** HepazjinauMbiMu!

5 TeHn3opHOE NMpoOU3Be/IeHNE
Paccmorpum nuneitnnie npocrpancrsa M u N pasMepHocTeil m U N COOT-
BETCTBEHHO.

Omnpenenenne 5.1 Tensopnvim npouseedenuem npocmpancme M u N (060-
snavwaemes M ® N ) nasweaemcsa npocmpancmeo busuneldnos (m.e. suned-
Holx no Kasicdomy apeymenmy) dynkyuonanos f: M* x N* — R.

Boobiie, byHKIMOHA, OIpee/eHHbIl Ha MPsIMOM IPOU3BEIEHUN HECKOJIb-
KWUX JIMHEAHBIX MPOCTPAHCTB U SABJAIOIINANCA JUHEHHBIM IO KaxKJIOMYy apry-
MEHTY PU (PUKCUPOBAHHBIX OCTAJIbHBIX, HA3bIBAETCS MOJUINHEAHDIM.

Omnpenenenue 5.2 Tenzopuvim npoussedernuem snemernmos x € M uy €
N (o6o3navaemca x @y) naswsaemes dynryuonar g € M@ N, onpedener-
HoLl PABEHCTNGOM.

g(u,v) =u(x)v(y), wveM*, wveN"
Ormernm, a0 (Az) @ y =2 @ (A\y) = Mz ®y) u
x4+ 2)Qu=2y+2Qy, 2 [W+t)=rQy+rt,

HO T QY # Y ® .
Ilycts aq, ..., a,, —6asuc 8 M, a by,...,b, —6asuc B N.

Teopema 1 Habop sremenmos
ai®bj, 1=1,...m, j7=1,....,n (51)

asagemces basucom 6 M @ N.



okasameavcmeo. [Tokaxkem, aro a0b60it dyukiuonan f € M ® N apisgercs
JIMHEWHON KOMOMHAIMEl YKa3aHHbBIX 3JIEMEHTOR.

O6osnaunm gepes (a') Gasuc npocrpancrsa M*, B3auMmublil K 6asucy (a;),
a gepes (bY) — 6asuc B N*, B3anmubrii K (by).

Torma ecn u = w;a’ € M*, av = Ujbj € N*, ro B cuny bunmnneiinoctn f
MMeeM:

f(u,v) = f(wa',v;t)) = ww, f(a', V). (5.2)

Beuny B3anmuocrn 6asucos u; = u(a;) u v; = v(b;). oxcrasmsasa stu dop-
MyJibl B (5.2), mosydaem:

f=fla®b;, fY=fV) (53)

Ocraercs J10Ka3aTh, YTO 3J1eMEHThl a; ® b; nuneiino-nesasucuMbl B M @ N
[Tonoxxum

h=XJa;@b; € M@N

u nokazkeM, uto ecan h = 0, To Bce uucyaa A"/ ToxKe paBHbl HyJ10. JleiicTBu-
TEJILHO, B CUJIY B3AMMHOCTH 0a3MCOB MMEeM

h(a®, oY =X'=0, k=1,....,m, 1=1,...,n.
Teopema mokazana.

CanencrBue 5.1 Paszmeprnocms npocmparcmea M & N pasna mn.
Qucaa [ 6 popmyae (5.8) asasromes woopdunamamu saemenma |6
basuce (a; @ bj).

Oboznaanm gepes V' [-mepHOe JIMHEHHOE IPOCTPAHCTBO ¢ 0a31COM U1, . . . , U].
[Tpocrpancrea (M @ N) @ V u M ® (N ® V) pasinuubl, HO MEXK/y HU-
MH CYLIECTBYET M30MOP(MU3M, KOTOPLI OIUCLIBACTCH CJICAYIOMIAM 00Pa30M.
Kaxomy snementy g = g% (a; ® b;)) @ vy € (M ® N) ® V crasurcs B
coorsercraue sement g = g Fa; @ (b; @v) € M @ (N @ V).

Bamaua 5.1 Jokascume, wmo nocmpoennoe coomseememeue deticmaumen-
HO ABAACMCA NUNETHBM USOMOPHUIMOM U HE 3a6UCUM OM 6blO0Pa 6A3UCOE
6 npocmpancmear M, N,V .

B cMbiciie 1oro nuzomopdusMa TeH30pHOE TPOU3BEIEHUE TPOCTPAHCTB siBJIst-
ercst accoraruBuoii oneparweii: (M @ N) @V ~ M @ (N® V).



Bama4ga 5.2 Ilyemv uw € M, v € N, w € V. Jlokaxcume, wmo npu
danrom uzomoppuame saemenmy (U @ v) @ W COOMBEMCMBYEMN, IACMEHM
u® (vRw).

OtrmeruM elre OJIMH U30MOPMU3M.
Omnpegennm npoctparctBo M @ N ® V' kak mMpocTpaHCTBO TPUJINHEHHBIX
oToOparkeHnii
h:M*"x N*xV*—R.
Ucnonbays passioxkenus 1o 6a3ucam
r=uxa', y=yt/, z= 20"
HalijieM
_ ijik igk (a0 1 ok
h(z,y, 2) = zyzh", W = hia', W 0").
OcHoBbIBasiCh Ha 3TOH (GopMyJie, MOXKHO MMOKA3aTh, UTO 0A3MCOM B IPO-
crpanctBe M @ N ® V' aBisercsa nHabop TpumHEHHBIX HhopM

a; ® b; @ vy,
KOTOPBIE OMPEJIEIAIOTCA CICAYIOMINM 00Pa30M:
(a; @ b; @ vg)(x,y, 2) = x(a;)y(bj)z(vr) = xiy;vp.
ITpu srom orobpaxenue h — hiF(a; @ b;) @ vy apaserca uzomopduzmonm
npoctpaicTB M @ N @V u (M ® N) ® V', u 37r0T n3oMopdu3M He 3aBUCHT

oT BbIOOpPA Oasucos B M, N, V.
B zakJtouenue nojyanm

M@NRQV2(MIN)QV~2Me(NeV).

Mexy npocrpanctBamu M QN u N® M Toxe cymecTByeT m30MOPQU3M,
He3aBUCAINM OoT BbiOOpa OasucoB B M u N. D1orT m30oMopdU3M CTPOUTCS
AHAJIOrMYHO: lIeMeHTy ¢ = g/ a;®b; € M ® N Mbl IOCTABUM B COOTBETCTBUE
ssement g = gb; ® a; € N ® M.

[Ipr sToM m3oMopduaMe 3JeMEeHTy % @ U COOTBETCTBYET 3JIEMEHT U &
u. Takum obOpasoM, TEH30pHOE IMPOU3BEJICHKUE IPOCTPAHCTB KOMMYTATHBHO
C TOYHOCTHIO JI0 ecrecTBeHHOro nzomopduzma: M @ N ~ N @ M.

B 3akJiodenne oTMETHM, 4YTO ecim T = T'a; € M ny = yjbj € N,
TO B COOTBETCTBUM CO CBOMCTBAMM TEH30PHOI'O IPOU3BEJICHHS CIPABEIJINBA
dopwmya:

r®y=1xya by,

T. €. yncia (x'y’) ABAAIOTCS KOOpAMHATAMU TeH30pa T @ y B Oasuce (5.1).

8



6 TeH30pbl B JIMHEMHOM IIPOCTPAHCTBE

Bepremcs K m-MepHOMY JIMHeHOMY npoctpancTBy L. IlycTb, Kak u Bbille,
€1,...,6m U e, ..., ™ — B3auMHuble 6a3uckl B npocrpancrsax L u L* coor-

BE€TCTBEHHO.

Omnpenenenune 6.1 FEcau 3adan saemenm npocmpancmea

Tp,¢,L)= L®..9L @ L'®..L°

~~

D commoorcumeneld q comHoxrcumenet

mo 2080pam, wmo Ha npocmpancmee L onpedesen p pas Kowmpasapuarm-
WOl U ¢ PA3 KOBAPUAHMHBLT MEH30D, HUCAO D + ¢ HA3BIBAELTNCA GAAECHM-
nocmuvto mensopa. Kpome mozo, 6ydem cuumamo, wmo T(0,0,L) = R -
NPOCMPAHCMBO CKANAPOS.

B cuny Teopembl 1 nabop 31eMeHToB
(64, ®..0€ @' ®...Q¢ch) (6.1)
apastercst 6asucom B T'(p, ¢, L). Pasmepnocts npocrpancrsa T'(p, q, L) pasua

mPTa,

Besikuii rensop t € T'(p, q, L) packiuajpiBaercs no sromy 6asucy:

t:tzll’,“’:fe“ ®..06 @ ®...Qc. (6.2)

Tax Kak B3auMHbIT 6a31c npocTpancTBa L* 01HO3HAaYHO Onpejiesien 0a3ucoM
B npocrpancrse L, To koopaunarsl (¢! i ’J ) 3aBUCAT TOJIBKO OT basuca B L.
[Togcrasum B bopmyay (6.2) Beipaxkenust (4.1) u (4.6):
t=1t)" f]’; ji.. ”071 . ezl®...®e%®eji®...®ej;.

Taxum obpasom, B HoBoM basuce (e @ ... ® ey ® el ®...®el) KoopauHAT]
TeH30pa t UMEIOT BUJI;

iyendy i;cjl ]q 1yt

Jody = Ciy o Gl thh, - (6.3)
s npuiioxkenuii 6pIBACT MONE3HO CJIELYIONIEe SKBUBAJICHTHOE OMPEICICHUe
TEH30pA.



Onpenenenue 6.2 Hpe&nmoofcum 60 6CET CUCTNEMAT KOOPOUHATN NPOCTPAH-
cmea L 3adanv nabopw, wucen (tjl’ ' "), Komopuie ceazanvl opmyramu (6.3).
Tozda 2060pam, wmo na npocmpancmee L onpedesen p pas KoHmpasapuamm-
noili U q pas Kosapuanmuwlli mensop, Ul Kopomxo — mensop muna (p,q).

Hcnosb3yst 910 onpejiejienne, pacCMOTPUM TeH30pHbIe onepalinu. Kak yxke
OTMeYaJIoCh, TEH30Pbl OJIHOTO THIa 00Pa3yloT JUHEHHOe MPOCTPAHCTBO. JTO

T1yeend 1,000
SHAUUT, YTO €CJHM MMEIOTCsl TeH30PbI ¢ KOMIIOHEHTAMH (tj o) (dgy) €

T(p,q, L) T0o HAOOPDHI Unce (tjllj’; + djllj’;) u (AL, 1 ) A € R rakxe
ABJAIOTCA KOMIOHenTamu Tersopa us 1'(p, q, L).

Teopema 2 ITycmv darn mensop t = (t;llz’;) € T(p,q,L). Tozda nabopo

i yeees i 1oy A
wucea (&5, ) w (&0 ) 8adarom mensopy npocmpancmea
T(p.q,L).

11 yeeesl 1140yl s
okasameavcmeo. [IpoBepum, aTo HADOP UnCE aljl1 ;= jll JT+1 r
yeesJq e Jq

obpazyeTcst 110 TeH30pHOMY 3akoHy. JleiicrBuTe/ibHO, B HOBOI cucreme Koop-

’ mipe-

JUHaT NMeEEeM:

-/

-/ -/ -/ % -/ . ; ;
217""17'—&-1’7’1"7"'7111 . C'Ll ] Zr pcjl C]qtll, Z»,«_;,_l,lr,...,Zp
./ -y — S e e e - . . ! .
J1s-Jg (31 bpg1 Ut lp 71 Jg J1r--Jq

Ho »10 u o3nauaer, 4ro

il 7:/ .7
Ay =t ”c71 aglt
Lot A

]17"'?](1 (31 Zp ]1 Jq J1,-- 7]

Teopema mokazana.

CaenctBue 6.1 Csoticmeo mensopa (t
. 17-"77'7'-"-1’27‘)"'71;!7 _ 7’17 ZTaZ’!‘-‘rla"'a P
pe seprrux undercos: ;" =t

T yemeslp1ybpyenesl Tl gemeslp sl 1 yeeesl
G = T A6AACMCA UNGAPUAHIMNBLM, . €. eCAU
veda vda

2MO €C80TCMEBO BVIMOAHEHO OAA KOMNOHEHMN mensaopa 6 0dnoti cucmeme Koop-

j ) bvimos CUMMEMPUUYHDIM N0 Na-

1,

UAU KWOCOCUMMEMPUY-

HoM: T

dUHQm, mo OHO 6BINOAHAECINCA U 60 6CEXL OCMANDBDHHIL CUCITNEMAT noopﬁuuam.
To otce xacaemea u CUMMEMPUU NO HUHCHUM undercam.

HeficTBUTETBHO, TPETOTOKIM TEH30D (zfjl1 b ) cummeTpuder. Torga TeH3op
—

¢ KOMIOHEHTaMY (¢~ e — g b ) pagen HyJ110, HO CBOWCTBO

Js--Jq J15--Jq
TeH30pa OBITH HYJIEBBIM HE 3aBHCUT OT BBIOOPA CHCTEMbI KOOpAUHAT. AHaj0-

IMYHO NTPOBEPAETCA MHBAPUAHTHOCTH KOCOW CUMMETPUH.
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Teopema 3 ITycmv dan menszop t = (ti»l""’i?’) € T(p,q,L). Tozda nabop

]17~°~a.7q
wyucen
( 7;1’-~-a7:r—17k;ir+17~-~7ip)
15 J1=15K,01415++:Jq

aeaaemca menzopom npocmpancmea T'(p — 1, — 1, L).
IMom men30p Ha3vi8aemcesa ceepmroti mendopa t no undexcam i, J;.

Joxasamenvcmeo. Ucnionbayst opmyity (4.2), TpoBepuM, 9T0 YKa3aHHBII
HabOp umces Mpeodpasyercs 1Mo TeH30PHOMY 3aKOHY:

-/ . ] . . . . .
tzl7'-~7Zr717ka2r+1a'“52p e C’Lll L1 k try1 ’p
-/ ] . 5, — C,0 ... C . P X
.717"'7.7[717k7][+17"'7.7(/1 3! tr—1"8 7’7'+1 ,LIJ
. le CH 1 c]z+1 thh, =158yl 15eeslp
. .
J1 .]l 1 .7[+1 jq J1s-- a]l 1 7]l+1a aj
-/ -/ -/
_ Cll Clr—l Z7"-',-1 p
iv i Yy e Gy,
1 -1 Ji+1 Jq Ulyeenylp—1,8,0bp 41, 7p
cj e it :
jl 1 ]l+1 jq jla 7jl 1, a]l+17 7.7

Teopema jloKkazaHa.

Teopema 4 Paccmompum MEHIOPDI
t= (t“l” ')€T(pg, L), d= (dll’ ) €T(r, s, L).

Yueaa

Wyeenslpyliyesle iasenip gly L
J1see30q5M1 5045 Ts J15--45]q Mn1,...4Ng

AGAANOMNCA KoMnowermamu menzopa npocmpancmea T'(p +1r,q + s, L).

iyt ool

B ycioBusix reopembl 4 renzop v = (v .) HA3BIBACTCS TEH3OPHBIM

Tyeeos]qgsT1yeees
[IPOU3BEICHNEM TeH30pOB t u d u o6o3éaq;éTCH v=1t®d.

HeobxonmuMmo oTMeTHTh, 9TO TaKoe OMpeeseHre TeH30PHOIO IPOU3BeIe-
HUSI JIAIIb ¢ TOYHOCTHIO 10 M30MOPQU3Ma MPOCTPAHCTB COBIAJIAET C PaHee
BBEJIEHHBIM.

Heso B TOM, 4TO B COOTBETCTBUU C OLIPEJIE/IEHUEM D.2 TEH30P U siBJISeTCst
snemenToM npocrpanctsa 1'(p, q, L) @ T'(r, s, L), onHaxo Mbl OTHOCHM KOOD-
JMHATHI 9TOTO TeH30pa K Gazucy npocrpancrsa 1'(p + r,q + s, L). Moxuo
[0Ka3aTh, YTO TAKOE OTOOpayKeHWe SIBJSIETCsT MW30MOPGMU3MOM MPOCTPAHCTB
T(p,q, L) @T(r,s,L) u T(p+r,q+ s, L) u He 3aBUCUT OT BLIOOpa Hazmca
npocTpancTsa L.

Bama4a 6.1 Jokxaosicume meopemy 4, ucroda u3 npeobpadosanua koopou-
Ham.
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7 MerpuyecKkuii TEH30p: NOJHATHAE U ONMYyCKAHUE WH/IEK-
COB

Omnpenenenne 7.1 Cummempuueckutd mensop g = (g;;) € 17(0,2,L) na-
3OL6ACTNCA MEMPUMECKUM MEHIOPOM npocmpancmea L, uiu mempuroti, ec-
AU 0N HEGVPONHCOEH, M. €. eCAU U3 PAGEHCTNEA

gija'a’ =0

caedyem, wmo a' =0, 1 =1,...,m, u Heompuuyamesvho onpedesen: s
2100020 sexmopa (a') eepro HepaseHcmeo

gi,jaiaj > 0.

Marpuna G = (g;;) HasbiBaercss marpuneil ['pammva. B ety cnvmerpna-
HOCTM M HEBBLIPOXKJACHHOCTH TeH30pa ¢, marpuiia (G CHMMETpUYHA U HEBbI-
poxkiena. Yepes (¢g*/) obozmaamM KOMIOHEHTH MaTpuunl G 1, Tak, 4To
gi,jgi’k = 55-

Ecnu na MeTpuky He HaJIOXKEHO YCJIOBHE HEOTPUIATEJLHONR ONpPeesIeH-
HOCTH, TO TaKasi MeTPUKa HasblBaercs unjedenurnoii. Bee ganbueitime no-
CTPOEHUST OTHOCITCS K CIy4alo UHIePEHUTHONR MEeTPUKH.

Bamaua 7.1 Joxascume, wmo ceotlicmea mempuri Obms HEOMPUUATNEA-
Ho onpedenennoti U HecbPoNcOeHHOT He 3a6UCA OM 6LIO0PA CUCTIEMbL KO-
opduram 6 L.

Hoxaosrcume, wmo nabop wucea (§°) AGAACMCA CUMMEMPUMECKUM MEN-
zopom npocmparncmea T'(2,0, L).

Eciu B npocrpancrse L onpejesieHa METPUKa, TO ¢ €€ IOMOIIBIO Mbl MOXKEM
CTABATH B COOTBETCTBUE TEH30paM C KOBAPUAHTHLIMU KOMIIOHEHTAMHU TEH30-
PbI ¢ KOHTPaBaPUAHTHBIME KOMIIOHEHTAMK U HAOOOPOT.

Hanpuwmep, rensopy d = (d;7.) MOXHO 1OCTABUTH B COOTBETCTBUE TEH30D

di,’l’k = dl’igi’s. DTa onepanns Ha3bIBAETCS OMYCKAHWEM WHIEKCA Yy TEH30-
d A dr7i7j . dzaj Z,T
pa d. Ananornuno, Tensop d, 7 = d;;,g"" ABIAETCA PE3YJIBTATOM HOJLHATHS
)
MHJIEKCa y TeH30pa d.
Oyinako, HaJI0 OropapuBaTh OTJEILHO, KAKOM M0 TOPAJIKY HHJEKC MbI MOJI-
. dlaj l,r dZu] k',’f' 6
HEMaeM WJIM olycKaeM: Ten3opsl (d;7.g"") n (d;.g™"), Boobie rosops, pas-
) )
JIAIHBI.
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8 Kococummerpuieckne (popMbl

O6o3HauuM yepe3 o bueknuio MuoxkecTsa aucen {1,...,n}:
1 ... n
o =
o(l) ... o(n))’
koropas uucay j € {1,...,n} B3aMMHOOJHO3HAYHO CTABUT B COOTBETCTBUE

ancio o(j) € {1,...,n}.

Buekuuu MHOXKeCTBA U3 1 9JIEMEHTOB HA3bIBAIOTCS epecTaHoBKaMu. MHO-
KeCTBO nepectanoBok uncen {1,...,n} obosnagaerca depes Sy,.

Kak u3BecTHo u3 KOMOMHATOPUKH, S),, COCTOMT U3 ! 3/1eMeHTOB:

#5S, = nl.

YerHnocTbio IepeCTaHOBKHU Ha3bIBa€TCA YHCIIO

sgn(o) = H M e {-1,1}.

Z JR—
1<i<j<n J

YeTHOCTh KOMIIOBUIIMN TIEPECTAHOBOK 0, T € S, HAXOAUTCsI 110 CJIEIyoleil
dopwmyie:
sgn(o7) = sgn(o)sgn(r).

Orcrofa, B 4aCTHOCTH, CJIEIYET, 9TO

sgn(o) = sgn(o ). (8.1)

[IycTb, KaK 0OBIYHO, M — pa3MepHOCTH JUHelHoro npocrpancrsa L. Ha-
noMuuM, 4To npocrpancrso 1(0,k, L) cocrouT u3 mojuaMHeRHbIX 0TOOpa-
JKEeHUI BUJIa

f: Lx...xL —R
—_——
k comuOXKHUTECH

Onpenenenne 8.1 Tensop f € T(0,k, L) nasvisaemea xococummempue-
CKuM, ecau o 110001 nepecmanosku o € Sy eepna popmyna f(ug, ... ug) =
sgn(0) f(Uo(1)s - - - 5 Ug(r))- Taxue mensopo, mot 6ydem nasvisams k—dopmamu.
Qucao k nazvieaemesa cmenenvio Gopmo.

Ipocmpancmeo k-gopm obosnavum cumsorom A¥(L).
B wacmmocmu, AY(L) = L*.

Urak, npocrpanctso AF(L) asnserca nognpocrpancrsom B T(0, k, L).
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Bama4a 8.1 Jokaosicume, wmo ecau k > m, mo pa3zmepHocms npocmpa-
cmea Ak(L) PasHa HYmo, a ecau k = m, mo — edunuue.

Omnpenenenne 8.2 [Tycmov f(uy,...,ux) € A*(L) u g(vy,...,v) € A(L).
Bunewnum npouseedenuem mensopos f u g (obosnwavaemea f A g) nazwea-
emca aaemenm npocmparcmea T(0,k + 1, L), onpedeaennnviti opmynoti:

(fAg)(u, ... upg)
1
= W Z Sgn(a)f(uga), ce ,ug(k))g (ug(k+1), e 7ua(k+l))-

o€Sk1

Kax sunno us ompenenenus, f A g € A*(L). Kpome Toro onepamus
BHEIIHErO NPOU3Be/IeHIs OUIMHeHa.
Henocpejcrsenno nposepsiercs, uro eciu f,g,h € A(L) ro

(fAg)Nh=fN(g Ah). (8.2)

DTO CBOMCTBO BHEIIHEIO YMHOXKEHUSI HA3bIBACTCS aCCOLIUATUBHOCTHIO. Hike
MBI JIOKayKeM, UTO OHO CIIPaBEIJIUBO JJisd (DOPM Pa3IMIHBLIX CTEIeHe.

Bagaua 8.2 /loxascume, umo

fag=(=D)"gAf.

y...,e" —0bazuc B L*. [lonoxum 1o onpejiesenuro

AL N ug, . u) = Y sgn(o)e (o)) - € (o).

IIycrs el

KoppekTHOCTh Takoro omnpejiesietusi 060CHOBbIBaeTCst ieMMoii 8.1 (¢M. HiKe).

Banmaqaa 8.3 Buesedume, ucnoavsya (8.1), caedyrowyro dopmyay:

€A NeET = Z sgn(o)e'"M @ ... @ e, (8.3)

oESE

U nokascume, 4mo
e AL Ner e AF(L).

Jlemma 8.1 Chnpasedauso pasencmeo:
(AL AN (TN ANER) =€ AL N ER, (8.4)

14



Hokasameavemeo. Obosuaunm depes S, C Sp — MHOXKECTBO MEPECTAHO-
BOK, OCTaBJIIONINX Ha MECTe BCe deMeHThl, HaunHas ¢ [. Obo3nauanm yepes
Sy C Sk — MHOXKECTBO [EPECTAHOBOK, OCTABJIAIONINX Ha MecTe nepsbie | — 1
sieMeHToB. OYeBUIHO,

48 = (1—1)!, #S!=(k—1+1)

Ucnonb3yst 9tu dhbopmysisl, a Takxke (hopmyiy (8.3), ajist TPOU3BOIHHOTO Ha-
Oopa BEKTOPOB U1, . .., Uur € L Haiigem:

(eil/\.../\eil—l)/\( TALAER) (U, ug)
= ol Z sgn (& Z sgn(o) Z sgn(7)
( - + 1 ! 1
§ESK o€eSs;, TES
e ®. ® eW—D ®e0® ... ® e (ugqy, . .., Uerr))

(k:—l—i—l (=1 ngn ngn ngl’lT

£eSy, JES/ TGS”
el ) ® elerl-) @ el ® ... ® efﬂk)( e UE)
= Z Z g sgn(&7o)
(k—=1+1)—1)!
oeS), TeS) £ESK
el ® L e = e AL A e (ug, ..., up).

3J1ecb MbI BOCIIOJIL30BAJIUCH (POPMYJIOi

sgn(§70) = sgn(¢)sgn(a)sgn(7)

i TeM, 9ro 70 (j) = o(j), ecmn j <l — 1, u 7o(j) = 7(j), ecniu j > 1.
JlemMa JloKazaHa.

Teopema 5 Habop saemenmos
ENALLLANER << (8.5)
asaaemea bazucom npocmpancmea A¥(L).

Hoxasamenavcmeo. PaccMoTpum T€H30D

f="Ffi " ®...@e* e A(L)
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I[To dbopwmyae (5.3) umeem fi, i = f(ei,, ..., €, ), 0 caegoBaTeNbHO fi) 4 =
s (o) fi,)ivwys O € Sk Takum obpasom, ucronnsyst dopmyay (8.3), mo-
JIyHaeM:

f=foin€ ®.. . @e* = Z Jitooin Z sgn(o)e"0 @ ... @ el

1< <...<ip<m ocESy

- : : fil,...,ikell /\ DRI /\ eZk.

1< <..<1x<m

Urak, Besakuit Ter3op f sBistercs JUHEHHOH KoMOMHaIell TeH30POB (8.5).
[Tokarkem, 9TO 37EMEHTHI (8.5) JIMHEWHO He3aBUCUMBbI. PaccmoTpum Jiu-
HEMHYI0 KOMOMHAIUIO:

h = Z )\il,...,ikeil VANPAN Gik

1< <..<ix<m

1 mokaxkeM, 4to ecqin b = 0 1o \;, . ;, = 0. Heitcrurensuo, h(ej, ..., ej,) =
Ajpyeje = 0
Teopema jjoKka3aHa.

CnencrBue 8.1 Pasmeprocms npocmpancmea Ak(L) PaABHA

m)
kl(m — k)

Tenepb, Mbl MOXKEM JI0Ka3aTh aCCOIMATUBHOCTH BHEITHEI'O YMHOXKEHUs B 00-
mem Bujie. leitcrBuresibHo, B cuily OuiMHEiHOCTY 9TO Olepalui U TeOPEeMbI
5, HaM JIOCTATOYHO MPOBEPHUTH, u4TO hopmysia (8.2) BepHA JIJIs OJHOUICHOB

f=e"A...Ne?, g=e'AN...Nel, h=el AL AE

Ho 310, B ¢BOIO 01epe/ib, BbiTeKaeT u3 (popmyJib (8.4).

1 m

Bagaua 8.4 [lycmv eq,...,ep u e, ..., e" — g3aummnvie basuco, 6 L u L*

coomeememeenno. Paccmompum 6 npocmpancmee L eexmopol: uj = use, J =

1,....m. Yepes U obosnavum mampuyy ¢ KOMROHEHMAMU U

i
IHoxaosrcume, wmo

(" A A (ug, ..., Uy) = det UL
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YHacte 11
JIndpdepennuajibHoe NCYUCICHIE
TE€H30POB

9 IloudaTue m-MepHOIi TOBEPXHOCTHI

Paccmorpum acddunnoe npocrpancrso R™, cocrosiiiee n3 To9eK ¢ KOOP/IK-
Hatamu (ag,...,a,), a; € R. Y100HO Tak:ke CINTATL, UTO KaxKIas TOUKA
3aJlaHa CBOUM PajInyCc-BEKTOPOM I = (@, . .., dy).

[IpencraBum cebe, uro B mpocrpancTse R aBMKeTCs TOUKA. DTO 3HATNT,
4TO €€ PauyC-BEKTOP 3aBUCUT OT BPEMEHU:

r(t) = (ay(t), ..., au(t)). (9.1)

B stom ciyuae Bekrop-dyukuus (9.1) samaer kpusyto B npocrpancrse R,
KOTOpas SBJIsIeTCS TpaekTopueil Toukn. Kakjomy 3HadeHnio mapamerpa t
COOTBETCTBYET TOUYKA KPUBOIi ¢ pajinyc-BeKTopoMm T (t).

BekrTop

dr(t) day(t) day(t)
e(t) = v(t) = :( o )
dt dt dt

3aJ1a€T CKOPOCTH TOUYKHK B MOMEHT BpPEMEHU ¢ 1 KacaeTcs KPUBOIA.

OueBnIHO, €CIM CKOPOCTH TOYKHM HE 00PAIIAETCs B HOJIb, TO €€ TPACKTOPHS
OyzeT TIaJKoil, T. €. He Oy/1eT nMeTh U3JIOMOB.

KpuBas sBisercs npuMmepoMm ogHoMepHoil nmoBepxnoctu B R™. O6ob1as
STOT HPUMED, BBEJIEM OIpeJie/IeHIe TIOBEPXHOCTH.

Obosnauum vepes B enuandanblii map npocrpanctsa R, m < n:

m

B={x:@ﬂ”wﬂﬂeRmHﬂ2:§:@W<ﬂ}

i=1
Onpenenenune 9.1 Ipednonroocum, wmo 3adana sexmop-dyrkyus
r(z) e R", z€B. (9.2)

Tozda mmoorcecmso mouex M = {r(z) | x € B} naswsaemcs m—meprot
noseprrocmovio 6 npocmpancmee R", ecau 6vinoanens caedyrouue yeao6us:
1) Omobpasicenue r : B — M 63aumnoodnosnauno,
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0 . o
2) Bexmopu e;j(r) = %3;)’ 7 = 1,...,m auneiino-nesasucumv, npu

scex x € B. Onu nasw6atomcs 0a3uchvMu 6EKMOPAMU 1A NOGEPTHOCT.
Queaa x = (b, ..., 2™) Haswiearomea K00pOUHAMAMU TMOUKY NOGEPTHO-
cmu ¢ paduyc-eexmopom r(x).

IIpocmparncmeo R™ nasveaemces 06seMA0UUM NPOCPAHCMEOM.

B nanbHeiineM Mbl Oy1eM OTOXKJIECTBIATHL KOOPAUHATH TOUKH MOBEPXHOCTH
¢ camoii Toukoit u mucatn z = (x!,...,2™) € M, KpoMe Toro, Tam, rie
9TO He IPUBOJAUT K HEJOPA3yMEHUsIM, Mbl OIyCKaeM apryMeHThl (pyHKIUHA 1
NUIIeM e; BMecTo €;(x).

PaccMorpuM npuMmep. 3againM B npocTpancTse R? 1ByMepHyio moBepx-

HOCTb PaJIUYC-BEKTOPOM
r(z!,2%) = (221, 2%, 1 — (2')? = 3(2?)?), (2")*+ (%) < L. (9.3)

Baech e = (2,0, —22Y), ey = (0,1, —62%). OueBumno, 3Ta MOBEPXHOCTD
SIBJISICTCS 11aPabOJIOUIOM.

Bepuemest k 06iemy ciyvaro. Ecin y pajgunyc-sekropa (9.2) sadukceupo-
BATL BCEe apIyMEHTBI, KpOMe &', TO MOIYUUTCSA PATUYC-BEKTOD, 3aBUCAIINN
OT OJIHOI'O apryMeHTa. DTOT PaJINyC-BEKTOP 3aJ1aeT KPUBYIO Ha IOBEPXHOCTH
M, xoTopasi Ha3bIBaETCs -0 KOOpAMHATHOW JuHuei. [IpugaBasi pa3inyunbie
3HaYEHUST 3a(DUKCUPOBAHHBIM KOOPAMHATAM, MbI TIOJIYIUM CEMENHCTBO i-X KO-
OPJIMHATHBIX JIMHUIA.

BekTop €; siBJisieTcs KacaTeJIbHbIM BEKTOPOM K -Oif KOOPAUHATHOMN JIMHUN.

Memnsist B 9T0# KOHCTPYKIIMN WHJIEKC ¢ OT 1 JI0 1M, MbI TOKPHIBAEM TTOBEPX-
HocTb M KOOpP/IMHATHOW CETKOII.

Onpenenenune 9.2 Ilyemv © € M. Jluneiinoe npocmpancmeo ¢ basucom
ei(T), 1 = 1,...,m Ha3u6aemca KacamesbHolM NPOCTNPAHCINGOM K T.0-
seprrocmu M 6 mouxe T u obosnavaemcs Ty M.

IIpocmpancmeo, conpasicennoe ¢ T3 M, nasvieaemca xoxacamesvrovim npo-
cmpancmeom 6 movke T u obosnavaemca T2 M.

U3 onpejiesieust OBEPXHOCTH CIEJLyeT, YTO Pa3MEPHOCTh KacaTe/bHOIO 11PO-
CTPaHCTBa BO BCEX TOUKAX paBHA M.

[eomerpuuecku mpocrpancTBo 15 M npejcrapisieT coboit m—MepHYIO MJI0C-
KOCTb, KOTOpast Kacaercss nopepxHoctu M B TOUKe & W COCTOUT M3 TOYEK,
38IAHHBIX PAJINYC-BEKTOPAMU

r=r(z)+b, beT;M.
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10 3ameHbl KOOPJAMHAT HA MOBEPXHOCTH

PaccmorpuM B3amMHO OJHO3HAUHOE OTOOpaKeHue mapa B B cebs, KoTopoe
TOYKe ¢ KoopAnHaTaMu & = (1') CTaBUT B COOTBETCTBUE TOUKY ¢ KOOPAMHA-
ramu o' (z) = (27 (x1, ..., 2™)). [onoxkum, 4T0 STKOOHAH STOIO OTOOPAKEHHS]
He paBeH HYJIIO0 HU B OJHON TOUKE IIapa:

-/

./ -/ a.fUZ
det(c* vU— _
() £0, o =28

Takoe orobpaxkenue HazbiBaercs juddeomopduszmom. Ilo Teopeme o Hesin-

HOI (byHKIMHU onpejeneHo obparHoe orobpaxkenue r(z'), marpuna fAxkobu
KOTOPOI'0 UMEET KOMIIOHEHTBI

ox’
axi/ Y

o
CZ'/—

ik _ sk
npuieM ;¢ = 0.

Tenepb MbI MOXKEM 33JaTh MOBEPXHOCTH M € TOMOIIBIO PaguyC-BEKTOPA,
r'(2):
r'(z') = r(z(z)). (10.1)

Bekrop-dyukiust r'(2') 3ajaeT Ha NOBEPXHOCTH HOBYIO KOOPJAMHATHYIO CETKY
¢ KOOpJAUHATaMU T’ 1 DA3MCHBIMU BEKTOPAME

a/ /
ey (x') = M, j =1,....,m.

oxJ’
s Toro, 4ToObI HAHTH 3aKOH, CBA3BIBAIONIMI BEKTOPLI CTAPOrO W HOBOI'O
6asuca, npoauddepentupyem dopmyiy (10.1) mo 27"
or'(2')  or(x) Ozt
oz Oxk Oz

HJIH
ejr = c;‘?,ek. (10.2)

Dopmysa (10.2) mokaswiBaer, uro BekTOp-yHKIWs r'(z') ymoBiaeTBOpsier
yenosusiM onpegenenns 9.1, JeiictBuTenbHo, Tak Kak MaTpUIa ¢ KOMIIOHEH-
TaMu cg?, HEBBIPOXKJICHA, TO BEKTODPHI €;/ JMHEHHO He3aBUCHMBI.

Takum obpazom, Besikuit guddeomopdusm mapa B 3aaer 3aMeHy KOOP-

nuHat B M u npuBoIMT K JIMHEiHO 3aMeHe 6a3uca B npocTpancTse 15 M 1o
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dbopumyam (10.2). CooTBeTcTBEHHO, 3aKOH MPEOOPA30BAHUST B3ANMHBIX Oa3U-
cos B pocrpanctse 1. M nmveer Bu:

el = c,ilek, (10.3)

F Bzaumen ¢ 6a3ucoM eg.

-/
3j1ech basuc e/ B3anmen ¢ bazucom e, a basuc e
Ecnau 6a3ucHble KOBEKTOPHI €' mepeobo3HavYnTh depes dx', T. e. dr' = e,
to ypasuenue (10.3) npumer 6osee ecrecTBeHHYO (HBOPMY:
j/ al‘j/ k
do! = —da".
ox
ITo rem ke npuannam, B custy dhopmyist (10.2), BekTopsl €; nHOrIA 060-
3HAYAIOT CUMBOJIAMHU COOTBETCTBYIOIINX YACTHBIX TPOU3BOJIHBIX:

0

e; = —.
T Qi

11 Ten3opHbIe MO HA MTOBEPXHOCTNI

B kaxjom kacaresbnom npocrpancrse T,(M), x € M 3ajgajum TeH3op
Tuna (p,q) ¢ KOOPIUHATAME

G = 6 @), (111

CoorsercrBenno, eciau B Habope dyukiwmit (11.1) monmoxkurs © = T, rae T—

Jobas (pUKCUpOBaHHAA TOYKA MOBEpXHOCTH M, TO MbI HOJyUUM HAOODP Uu-
ip

+(Z), sajatouit KOOPJMHATHI TEH30PA B KACATEHLHOM MPOCTPAHCTEE
Ja

cest t;ll
T:(M).

Omnpenenenne 11.1 Pynruyua

Komopas Kastcdol mouke x € M cmasum 6 coomeemcmeue men3op muna
(p,q) 6 npocmpancmee Tp(M), nazvieaemea meH30pHLLM NOAEM HA NOGEPT-
nocmu M. IIpocmpancmeo makuz dynruut mor obosnavum wepes T (p, q, M).

Tax rensop tuna (0,0) — 1o ckansipnas Gynkuus f: M — R.
Bumecro ciiosa "renzoproe mose Mbl mHOTIA OyA€M IPOCTO TOBOPUTDL ' TEH-
z0p".
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K snemenrtam npocrpancrsa 1'(p,q, M) npuMenuMbl Bce ONepalyu, Ko-
TOPbIE PACCMATPUBAIOTCS B ajrebpanvyeckoil Teopun TEeH30pOB (TeH30pHOEe
IPOM3BE/ICHUE, CBEPTKA 1 T. J1.).

B uacTHOCTH, IpU mepexone OT KOOPAMHAT I K KOOpAMHATAM X Ha IO-
BepxHOCTH M | KOOPJMHATEHI TeH30pa TUIIA (P, ¢) MPeobpasyioTcst CJIeLy OIIM
obpa3zom:

By g bt dagiteis
ety = Cin e GGy Gl
rje B cuity dopmya (10.2), (10.3)
Bpeeily il T R TR /
Gy = L (@), ty g =t (@),
Ox* P
k _ ) K e /
ch = 97!, & = 2 ae).

Opaxo, Tak Kak 3aeMenTs! npocrpanctsa 1'(p, g, M) apisiorcs GyHKiu-
sMmu Touku r € M, To KpoMme ajredbpanvdeckux orepalnii, K HUM TPUMEHUMbI
orepaluy aHaJn3a, K U3yUYeHUIO KOTOPHIX Mbl U MEPEXOJUM.

Bamaua 11.1 Paccmompum pynxuyuto [ M — R. Joxasrcume, wmo nabop
bynryui
of

oxt

aadaem woopdunamo, mensopa muna (0,1), mo ecmv xosexmopa.

12 IIpousBoanasa JIn

Hawm nonaioourcest HecKoabKO (pakToOB U3 TeoOpUn 0OBIKHOBEHHBIX JIndepeH-
nuaabHbix ypasaenuit. [Togpobuoe uszoxkenue cojepxkurcs B [1].

Bamaanm Ha mosepxHoctu M BekTopHOe mosie (T. e. Tensop tuma (1,0)) ¢
kommonentamu v(x) = (vi(x),...,v"™(z)). Jng Toro, 9TobL HAITH KPUBYIO

z(t) = (z'(t),...,2™(t)) € M,

KOTOpas MPOXOAUT depes ToUKy & = (&1,..., ™) u xacaercs 9TOro BeKTOp-
HOT'O TIOJISI BO BCEX CBOMX TOYKaX, HAJO PEIIUTh CJIEAYIONLYIo 3aa4y Korim
JUUIsl CUCTEeMbl OOBIKHOBEHHbBIX JIn(pdepeHiinaibHbIX YPaBHEHWH:

dz’

Pl v'(z), 2'(0)=2" i=1,...,m.

21



Pemenne Taxoil 3ajgaum CylecTByeT (Ho KpaiHeii Mepe mpu JTOCTaTOY-
Ho Magbix |t]) u epmncrenno. OB6osnaumm 370 permenue uepes g'(L) =

(gD (@), (g™ (2)):

) wgt@), @)=

Paccmorpum obsacth D, komnakTHo npunaieskantyio M. Tepes g (D)

0bo3HauMM 00pa3 3Tof obacTy npu orobparxkenun ¢'. MoxHO moKasaThb,
4TO MPU MaJsbIX |t| oTobpaxkenne x — g'(z) asnsgerca muddeomopduzmom
obaacreit D u g'(D), npuuem g ' apnserca obparubiM 1uddeoMopdusMoM.

Hawm nonaiobsitest ciiesiytonme acuMnToTudeckue opMyJibl JIJIsi MaTPUIL
Akobu orobpaxenuit y(x) = g'(x) n x = g ' (y):

o' Ov'(w)
ayi Y (%i(:z:)
Kpowme Toro, ormerum, 4to
g'(x) =z +tv(z) +o(t), t— 0. (12.3)

[Tpoussosnas JIu TenzopHOro 1osist 0000IAET MOHITHE TPOU3BOJHON 110
Hanpasennio or ¢yuknun. 3agaaum yaknuio f : M — R,

st Toro, 9ToObI XapaKTepu30BaTh U3MEHEHKE 3TOH (DYHKIMKI BJIOJb BEK-
TOPHOTO TIOJIsT U, PACCMOTPUAM CJIELYIONLYI0 TTPOU3BOIHYIO:

d t

—f(9°(2))-

3nadenne 31oit mponsBogHOi npu ¢t = (0 HazbIBaeTcs nMpousBogHON Jluw or
dbyakIEKM f BIOJB BEKTOPHOTO TOJIs v 1 obozHadaercs L, f. B cuny dbopmysib
(12.3), mpousBojnas Jlu or dyHKIMYE UMeeT BUJ

U — ..
ox’
B ciaydyae mpom3BOJBHOTO TEH30PHOTO TOJIS ¢ KOODJIMHATAMME ujl1 H (x)
yeerdq

HAM HeJ0CTATOYHO HPOCTO HOJCTABUTL Ipeobpasosanue ¢'(x) B aprymenr
yHKIMit uzllz’; (x), Tak KaK HE TOJHKO APTyMEHT, HO U CaMu 3TU (PYHKIUK
MeHsroTes npu npeobpasosanun x — g'(z). Ilosromy ypo6HO TpakTOBaTh
orobpaxkenue y = ¢'(x) xak 3ameny xoopaunar B D. Torma npoussojiHast

JIn onpenensiercs: caeayommuM odOpa3oMm.
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Onpepenenne 12.1 Ilpouseodnotdi JIu mensoprozo noas

U — u;ll S T(p,q, M) naswsaemca mensop npocmpancmea T(p,q, M) c

%oopaunamamu

o d o L
Uyeenlp p J1 ]q 217 7Zp t
(Lou);, "7 = Tl Ocl,1 . CZ-;C;.1 g Jq(g (x)),
3decw /
I ayl 8xl

c = @(Sﬁ), = W(?J(»’U))

[Tpoussojnast Jlu siBsisiercst simneiinbiv oneparopom B 1'(p, q, M), u jist jiio-
ObIX TEH30POB h U b BBIIOJIHEHO NMpaBUIIO JIeibHUIA:

L,(h®b)=Lh®b+h& Lb.

B kauecTBe mpuMepa HaiijeM KOOpAUHATEHI IIPOU3BOIHOM JIH OT BEKTOPHO-
ro nosist w. Venonbsyst popmyant (12.2), (12.3) Bbraucanm:

i

(0" = (5= 155 +ol0) - (u(0) + Stt+ot0)

ow' ., o'
=+ (Gt = g’ + o)
Orciona _ ‘
- Ow’ ol
J — k 7
(Lyw) oi Y T (12.4)

Banmaua 12.1 Hcnoavsysa gopmysv (12.1), (12.2), (12.3), natidume woop-
dunamo. npouseodnoti Jlu 6doav sexmopnozo noas v om mensopa aj(x) €
T(1,1,M).

[TpowsBognas JIn oT 0JHOrO BEKTOPHOTO MOJIs BJOJIb JPYTOro obJajgaer
PSAIOM 3aMevYaTeTbHBIX CBONCTB, HEKOTOPbIE M3 HUX MbI CEfiIac OTMETHUM.
BekTopnoe nojie L,w Ha30BeM KOMMYTaTOPOM TOJIeil U U w U 0D03HAYUM

[v, w] = Lyw.

Kommyrarop, oueBuiHoO, siBjisieTcst Ouimneitnoit onepaiueii. Kpome toro, ou
KocOCUMMeTpuueH: [v, w| = —[w,v], u g Hero BINOJHEHO TOXK1ecTBO JIu:
[w, [v,w]] + [w, [u,v]] + [v, [w,u]] =0, wu,v,weT(1,0,M).

Takum obpasowm, npocrpancrso T'(1,0, M) asnsgerca anrebpoit Jlu ornocu-

TCJIbHO OIl€pallun KOMMYTHUPOBaHUWI.

Bamagaa 12.2 Hcnoavsys dopmyay (12.4), nposepvme nepevucaenivie 6vi-
we c8oticmea KoOMMYMamopa.
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13 /Iuddepennnagbabie (pOpMBbI

Onpenenenne 13.1 Jugpgepenvuanrvroti k-gpopmoi nasweaemces xosapu-
AHMHBLT KOCOCUMMEMPUMECKUT Men30p sarenmmocmu k.

Hanomuum Hekoropbie (pbakThl u3 ajaredpanyieckoii rTeopun Ten30pon. MHuoxe-
CTBO KOBapUAHTHBIX KOCOCUMMETPUIECKNX TEH30POB BaJEHTHOCTH k 0Opa3y-
eT JMHeiHOe IPOCTPAHCTBO, KOTopoe MBI 0bosnadnM uepes A¥(M). Tenzopsr

Az A Nde, 1<ip<...<ip<m

3a1a10T 6asuc B KaxkaoM npocrpancrse AF(T,M), x € M.
Besikuit snement w € A¥(M) packiaipiBaercs 10 3ToMy 6a3ucy Cieyo-
M 0b6paszoMm:

W= Z wih__,’ik(a:)da:il Ao Adx' (13.1)

1<n<..<1x<m

Ecau k 6onbire pasmeprocru M, to muddepenimanbaast popma TOXKIe-
CTBEHHO paBHA, HYJIIO.

Oynkuuu wj, KOTOPbBIE ABJISIOTCA KOOPJIMHATAMU TEH30Pa W, KOCOCUM-

)
METPpHUYIHBI 110 CBOUM HMHJIEKCaM:

wilr'wik - Sgn(o-)wig(l)7...7ia(k)7 o E Sk

Tak kak jguddepenimaababie GOPMbI ABISAIOTCA (PYHKIUAMA TOUKU T €
M, ro najy HuUMU, KpoMe aJiredpanydeckux ornepaiuii, MOXKHO BbIIOJIHATD ellle
W OTlleparuy anaan3a.

Omnpenenenne 13.2 Buewnum dugpdepenvyuarom nazvieaemcs Aunetinoiil
onepamop d : AF(M) — AF*Y(M), womopuidi na dopmy (13.1) deticmeyem
caedyrouyum 0opasom

Owi, . : . .
dw = Z ujlé'#jk(w)dx] Adx™ NN dx' (13.2)

1< <. <, <m

Koneuno, mannoe ompejiesienne HyXKJIAeTCA B MPOBEPKE KOPPEKTHOCTH: MbI
JIOJKHBI JIOKAa3aTh, 4TO Bbipaxkenue (13.2) jeicrBuresnbro spisiercs audde-
peHIua bHON POPMOi.

JlJ1st IpocTOTHI CHAYAJ A IPOBEPHUM 3TOT (PaKT Ha npumepe jauddepeHiu-
poBanust 1—Qopmhbi.
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Pacemorpum dopmy w = w;dz’. Ilo onpenenenuio

ow; . - ~ Ow:  Ow;\ . .
= ! J t— L2 J v
dw 5 dx? N dx g ( 90 Dy >x A dx'.

j<i
OueBujiHo, HAOOP PyHKIHI
. &ui &uj
Ui = 9pi T o

KOCOCUMMETpHUYIEH 110 CBOMM HMHJIEKCaM. HOKa}KeM, q9TO Ui — KOMIIOHCHTDI

JIBYXBaJICHTHOI'O KOBapUaHTHOI'O TeH30pa. Jljis 3Toro 3aMeTnM, 9To TaK Kak

DYHKIMH W; SIBJISIOTCS KOMIIOHEHTAMHU KOBEKTOPA, TO IPU 3aMeHe KOO IMHAT
‘ y

x' — x' oHm nmpeodbpaszyoTcs mo popmye:

o0z’
Wit = 5 Wi
Huddepenunpys o1y dbopMyiry mo =, mosydacm:
Owr 0%t 0zt 0z Ow;

= —W; + - .
oxs  Oxs0x" ox' Oz Ox!
Menssa B nocieaneii popmyse MecTaMu ' 1 s’ 1 IpUHAMAas BO BHUMAHUE, YTO
0% xt 0%zt

0" 0" 0’ 0x®

HaXOJIUM:

Owy Owy  Ox' dx! /0w;  Ow
Oz Oz’ Oz O <8xl B 8:):2')'

Ho sT0 1 o3nauaer, uTo dyHKIUN U;; IPeodOPa3yOTCsd MO KOBAPUAHTHOMY

3aKOHY.

B obmem Buge Mbl JOKaykeM KOPPEKTHOCTH omnpejenerust 13.2 nmxke. A
cefivac, cauTasi BpEMEHHO, 9TO CHCTEMa KOOPJUHAT T (PUKCUPOBAHA, U3YIUM
CBOMCTBa, orepaTopa BHeIIHero auddepeHIupoBanns.

Ha dbynkiuu sTor oneparop JeicTByeT KaK OObIUHbBIA JuddepeHIuar:

df = %dmi. (13.3)

Teopema 6 Paccmompum gopmo, wy € AP(M) u we € AY(M). Cnpasedau-
6ol caedyrowue Gopmys:

ddw; = 0, (13.4)

d(wi Awy) = dwy A ws + (—1)Pwr A dws. (13.5)

25



Baga4ga 13.1 Joxascume dopmyay (13.4).

Hoxkaxxem dopmyiy (13.5). B cuny nuneiinocru onepanuu d dhopmyaty (13.5)
JOCTATOYHO IIPOBEPUTD JIUIIL JIJIs CJIydast, KOTAa Wi U Wy — OJHOUJICHDL:

wi = fdx" A...ANdx,  wy = gdx AL A dade

Torma
wi Aws = fgdz A ... Adx Adz?t A LA dade
[Tosromy
d(wr A wo)
= %gdmlﬂ/\d:ﬂ1 AL AT AN AT A LA da

+f%dxk/\d:c“/\.../\d:ci”/\dle/\.../\dqu
i
af k 21 i 1 ]
= (Wda: N dz /\.../\dxp) A (gdx* N ... N\ dz??)
| . 0 . .
+ (=D)P(fdz" N ..o Ada') A (a—gkd:vk Adx?V AN d:ch)
i
= dwy A\ wy + (—1)pw1 A dwo,

1€ MbI UCIIOJIB30BaJIN TOXKIECTBO
da® A deh AL A de A dat A LA das
= (=1)Pdx™ A ... Adx'» Ada® Ada?t A LA das,

Teopema 7 Jlunedinwiti onepamop d : A¥(M) — A*L(M) odnosnawno onpe-
deaen ceoticmeamu (13.3), (15.4), (13.5).

Iokasameavcmeo Ilycrs O — kakas-nuOy b Jipyrast onepaiust, 00J1a/aoas
nepedncaeHHbpIMI cBoiicTBaMu. Torma eciau dpopma w onpeaesnrena GpopMyJIoit
(13.1), ro B cuuy simmefinoctu u cBojicTsa (13.5) nmeem:

Ow = Z ((6wi1,,.,,ik(;€))dmi1 A A da'™

1<ii<..<ip<m

k
+ Z(—l)l_lwilwik(x)dxil A ANOdT A LA dxi’“>. (13.6)
=1
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ITo dopmyse (13.3) nomytuum

. Zk S s S
c = T dx®, Ox° =dx".

U3 nocreaueii hbopmysnst u BBy cBOiicTBa (13.4) Haxogum Odx® = 00z = 0.

awil,...,i

[Togcrasisis Bee atn dopmysibl B (13.6), nonyvaem Ow = dw.

Teopema jloKka3aHa.

Takum 0Opa30M, ec/ii B PA3HBIX CUCTEMaX KOOPJUHAT OIPEJIC/IUTH Onepa-
Topbl BHemHero auddepennuposanus Gopmysoit (13.2), 1o BBIILY TeopeMbl
7 v waBapuanTHOCcTH cBoiicTB (13.3), (13.4), (13.5) 9TH onepaTopbl COBIAJIYT.
DTO U JIOKa3bIBAET KOPPEKTHOCTH ONpejiesieHns oneparopa d.

B zakjrodyenre OTMETHM HEKOTOPBIe (DOPMYJIbI, CBA3BIBAIONINE BHEITHEE
nnddepeHnmrpoBane u Mpou3BoaHyo JIu.

Bagada 13.2 Ilyemv w € AP(M), v € T(1,0,M). Hoxasrcume, umo
dL,w = Lydw.
Omnpegemum omeparop romoromun i, : A*(M) — A*Y (M), v e T(1,0,M)
dopmyiioii:
Ty Z wih._.J,ﬁdx“ Ao A da™

1< <...<i,<m

_= .. . .7 il ik—l
= E Wjiy.ip 07dZ™ N oA dxt

1< <..<ip_1<m
Bagada 13.3 ITyemv wy € AP(M) u we € AY(M). Jokascume, wmo

Z'vivwl = 07
iv(wl AN CUQ) — (z’vwl) A\ w9 + (—l)pwl A (ivwg),
ivdwl + dz’vwl = val-

[Tocseusisi hopmysia HazbiBaercst GOPMyYJIOH roMoTonuu (IO CyIIECTBY, 9TO
pocTo mpasuiio Jleiibuuna).

14 CB43HOCTH, TEH30P KPy4YeHUdd

Kak yxke ormeuasoch, ecim 3agana dbyaknus f : M — R, 1o ee gacTHbIe

of
aZL’Z‘
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00pa3yoT KoBapuaHTHBIH TeH30p. OIHAKO, KaK JIeI'KO IPOBEPUTH, HAOOP BTO-
PBIX YaCTHBIX MPOU3BOIHBIX
o0 f
8$¢8$j

HUKAKOI'O TEH30pa, BOODIIEe roBOpsi, He obpasyeT. Kpome TOro, TeH30poM He

SIBJISIETCST HAOOP YaCTHBIX MPOU3BOAHBIX OT KOMIIOHEHT BEKTOPHOI'O MOJIS.

st Toro, 4ToObI IPEOI0JIeTh 9TO HEY100CTBO, Mbl IOCTPOUM OIEPAIUIO,
KOTOPasl ABJISETCI NHBAPUAHTHOR Bepcueil 1acTHoro audepennupoBanns u
OJIHOBPEMEHHO 0000IIaeT MMOHATHE I'paJueHTa (PYHKIUH.

Onpenenenne 14.1 Bydem z206opums, wmo wa noseprnocmu M 3adana
appunnan ceasnocmv, ecau Kaxcdomy eexmopromy noato v € T(1,0, M)
CONOCTNABAECHA ONEPAUUA

V,:T(p,q, M) — T(p,q, M),

ONPECACHNAA NPU GCET UEAVT HEOMPUUAMEALHLT P, U 00400a10ULAA CAC-
dyrowumu ceoticmeamu.

Jlaa ecaxoti pynxuuu f: M — R, eexmopnux noaeti u,v, Ko6exmopo-
20 noas g u menzopos UV € T(p,q, M), W € T(p,q, M) svinosnenn
PAGENCNEA:

Vo (U+V)=V,U+V,V, (14.1)
Vu(fU) = VU + (L f)U, (14.2)
Vsl = VU + V,U, (14.3)

VURW) =V, URW +U & V,W, (14.4)
Viug (v) = (Vug)(v) + g (Vo). (14.5)

Onepayua V., 1a3veaemcsa xKosapuanmmoim duddepenyuposanuem 60014
GEKMOPHO20 NOAA V.

O6cyaum onpejgenenne 14.1. Mbr morsin 661 3ajaTh onepanuio V., ¢Gop-
mymamu (14.1-14.3) ToapKo Ha BeKTOpax (MM TOJIBKO Ha KOBEKTOpax). To-
ra, dhopmysa (14.4), mo3BossgeT HAM MPOJOZKUTH OTNEPAIHI0 KOBAPUAHTHO-
ro guddepeHnnpoBannst Ha KOHTPaBapUaHTHbIE (KOBAPUAHTHBIE) TEH30DbI
a1000# BajenTHocTH, a (opmysa (14.5) — Ha KoBapuaHTHbIC (KOHTpaBapy-
AHTHBIE) TEH30DbI.

Dopwmyaia (14.5) ucnoansyercst npu BoiBojie pasercrsa (14.10).
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Baga4ga 14.1 Joxaoicume, ucnosvaysa gopmyave (14.2), (14.4), wmo xosa-
PUAHMHAA NPOU3EOOHAA O NOCTOANNOT PYNKUUU PAGHA HYAI0:

V,const = 0.
Ha ocnosanuu smoti popmyanv, dokasrcume, wmo
Vof =L, f

B kauectBe mpumepa mocMoTpuM, Kak KoBapuanThoe muddepenuuposanue

, _ i i _ .k
neiictByer Ha Tenzop H = hje; ® e'. 3ajauM BeKTOpHOE mMoje v = v e, U

BBIYUCAUM, ucnonbays (opmysbt (14.1)-(14.3):

VoH = Vi hlej @ e = vF(hV, (e; @ €) + (Lo,hl)ej @ ef).  (14.6)
OueBnHo, .
. Oh]
L. h] = e

[To dopmyie (14.4) nmveem:
Ve le;@e) = (Vee)@e +e; @ Ve

CrenoBarebHo, 3a/a9a O BHIYACACHUN KOBAPUAHTHON TTPOU3BOIHON OT TEH-
30pa CBOAMUTCA K BBIUMCICHUIO BEKTOPOB V¢, €j U KOBEKTOPOB Ve, €'
Bsenem obosnauenne

Vi =V,,.
B wacrrocru, st dyukuun f B ety (14.2) umeem
of
oxk’

Taxum obpazom, ornepalius Vi 000011aeT onepalyio YacTHOro jauddepeHiu-

pOBaHUA 1O z¥.

Vif =

Pazjioxkum BekTop Vye; 1o basucy:
Vie; =T e (14.7)

!
OyHKMK Fij Ha3bIBalOTCs cuMBoamu Kpucroddessi, uMEHHO OHU U 3aj1a-
10T OIlepalnio KoBapuaHTHOTO aud peperiupoBanus. eiicrBuTebHO, cripa-
BEJIJTUBO CJIEJIyIolee yTBEP K IeHHE.
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IIpennoxxxenne 14.1 Bepnvi popmyave
Viel = —T7 ¢l (14.8)

Hoxaszamenavcmeo. Ilpumennm onepanuio Vi K JI€BOW U MPaBOil YaCTU TOXK-
JIeCTBA:

el(e;) = 67
B cuny dopmysibr (14.5) nosyuum
(Vie!)(ei) + €/ (Viei) = 0. (14.9)
PaznoxknM KoBekTop Vi€l 110 B3anMHoMy 6asucy:
Vel = f";kes.
[Toacrasisist ary dbopmyiy n dopmyny (14.7) B (14.9), Haxoaum, 4ro
I, =-TY,. (14.10)

D10 1 jokasbiBaeT Gopmyay (14.8).
Bosspaiasics k dopmyiie (14.6), Bbraucinm:
J .
i, ez)
Oxk ®
I

L
- k)el R e'. (14.11)

V.H =v <hj(Fl pe®@e =T e @ e’)
— (hz gk hlsrf,k

B yactHocTn ,

; Oh;
V.H = (h{Fé-’k — WD+ o k)el Qe
Tak xak B dopmyse (14.11) BekTOpHOE MMOJNE ¥ TMPOU3BOIBHO, MBI MOXKEM
BBECTH TeH30pHOE noJie Tuna (1,2)

Oh!
ork’

DTO TEH30PHOE TI0JIe HA3bIBAETCS KOBAPMAHTHON MPOM3BOIHON TeHzopa H.

VH=uwl,e@e ®@e", wl) = th — RIS, +

Yacro KOBapHuaHTHad IIPOU3BOJHaAA 3allMCBhIBACTCA CJICAYIOINM o6pa30M:

Vihh = T, — BTS, + —L, (14.12)
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Ob6paTuM BHHMaHME Ha TO, UTO 3Ta 3alUCh — cEUMBojudeckas. CHMBOIOM
Vihl snech obosmauena Bosce me "KopapmanTHas TMpPOM3BOAHAA MO ¥ or
bynkuun A" a komnonenta Tenzopa V.H, KOTOPbIil sIBJISETCA PE3YILTATOM
KoBapuanTHoro mudddepenmuposanus Tenzopa H = (hl).

Dopwmysnt (14.7), (14.8) mosBossior, mosb3ysich coiictBamu (14.1)-(14.4),
HaWTH KOBAPUAHTHYIO MPOU3BOIHYIO OT JIF000T0 TeH3opa. [loaromy, meiicTBys
AHAJOMMYHO, Mbl MOXKeM Jiiobomy Tenszopnomy nosio U € T(p,q, M) cono-

CTaBUTDL ero KopapuanTHyio npoussoanyio VU € T(p,q+ 1, M).

Bagaua 14.2 ITycmo v = (v¥) - sexmopnoe noae, ua = (a; ;) € T(0,2, M),
Buisedume popmyave:
ok

vr k _ Fk S
Y T 027 +

daij a. T8
axk 5, Z,k
IIpennoxxenune 14.2 Ilpu samene cucmemvt koopdurnam ¢ M cumeorv, Kpu-
cmodgdpens npeobpasyromces no dopmyire

ok ox* Oz 0x* Fk/ 82 FoOxk
nS 92 Oxr Ows T 90w 0o7

V]fCLZ'J == — Qs ik. (1413)

(14.14)

oxazamensvemeo. Viconb3yst ¢popMyJibl peodpa3oBaHns Oa3UCHBIX BEKTO-
POB M CBOICTBA CBA3ZHOCTU, BHIYNCIUM

. oz 02z | 0’ d
Cises = Vigre = Guigar®s + gy V4"
0%x® oz Oz 0%x® ox* ox¥ _,

F s/ k/@l/.

= 9007k T Gud ouk = 90902k T 9u Ok

Orcrona u mo gpopmyJie

HAXOJUM
/ /
oRti ax 0zt
i = =€« s kel
5 T T Drioah 8a7J Dk Sk

st 3aBepIiieHus JI0Ka3aTebCTBa HAJI0 MPUPABHATH KOIMDMUIUEHTHI TIPU €/

FS

B 1ocjejiHei popmy.ie.
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Baga4ga 14.3 Ilokascume, wmo ecau opmyaa (14.14) eepna, mo obpammoe
npeobpasosarue 3aNUCHLBALMCA GHANO2UNHO:

ox* 0" 0z N %k OxF
oxk Oz dxs' " Qar'Oxs Oxk

Mo nokasvieaem HENPOMUBOPEHYUBOCTND AKCUOM CB8A3HOCINIU.

Koo
FT’,SI -

N3 dopmyier (14.14) BeiTekaet, 1T0 QyHKIIUNT
Tﬁs - F]:,s - Flsg,r

SIBJISIIOTCs KOMIIOHEeHTaMu TeH30pHoro noJisi tuna (1,2). Tlosromy cBoitcrso
cuMBoJIoB Kpucroddesst 6bITh CHMMETPUYHBIME 110 HYXKHUM MHJIEKCAM He
3aBUCUT OT CUCTEMbI KOOD/MHAT.

Tenzopuoe moJie

T = (Tr]fs)? T?fs - _Tsk,r

Ha3LIBAETCsI TEH30pOM Kpyuenusi adpduunoil cpasnocru. Ecau Tenzop Kpy-
YeHHUs pPaBeH HYJIIO, TO FOBOPAT, YTO CBSI3HOCTD SBJISIETCSI CUMMETPHYHOI.

Ecin orkazarbest or runoressr (14.5), 1o pasencrso (14.10), Boobiie roso-

pst, He OyJleT BbINOJHATHCA. MOXKHO 110Ka3aTh, 410 (DyHKIUY Fff’ s 1IpU 3aMeHe
CUCTEMbI KOOPJUHAT IPeodpa3yoTcs 1o (popmy.ie:

! A !
ok Oxk Ox" Oz -, O*z*  Oa*
— ! ol T ——,-
"9k Oxr Oxs T % OxOxs OxF

ko _ Tk k .
Orciona crenyer, uro S, = I'J  + I'l 0 — Tenzop. OToT Tensop BBes JiiH-
mreiin. ®opmyia (14.5) BepHa Toraa U TOMLKO Torya, Korma SF, = 0.

B kuure [6] paccmarpuBaercsi 60JIbIIOE KOJIUUYECTBO CBSI3HOCTEH, JJIsi KOTO-
PbIX Sﬁ s 7 0, 0OJIHAKO, HACKOJIbKO U3BECTHO aBTOPY, B COBPEMEHHBIX TEOPHAX
MOJIAl TAKUE CBA3HOCTU HE UCIOJBb3YIOTCS.

B zaksodyenue mpuBeJeM OJIMH MPOCTOH (DAaKT, KOTOPBIH YacTo ObIBaeT
10JIE3€H TTPU BBIBOJIE Pa3HbIX (POPMY.I.

IIpennoxxenne 14.3 IIpednonooicum, wmo ceaznocms cummempuyra. To-
2da 6 docmamouno manroti okpecmuocmu 410060t mouku £ € M moocho se-
./ / N
cmu xoopdunamu, x° 6 xomopuw T ,(2) = 0.
)

oxazamenvcmeo. He cyxas obrinocTu, Oyaem cantarh, uto £ = 0. Caenaem
3aMEHY KOODJIMHAT:

T .
' =a'+ 5 MOEES
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Io dopmyae (14.14) naxomum: T ,(0) = 0.
[Ipenyioxkenune goKa3aHo.

15 CBg3HOCTDH, COTJIACOBAaHHAsI C METPHUKOIL

3agaauM Ha nosepxHocTu M MeTpudecKuil TEH30D ¢ KOMIIOHEHTaMH ;.
OTO MOXKHO CJIeJIaTh Pa3jInuHbIMU criocobaMu. Hampumep, mpeanookuM,
yTo B obbemJioiieM mpocrpancTBe R mmeercss ckajisipHoe Mpou3BejeHue
(+,+). Torga MeTpuky Ha moBepxHocTH M ONpEeTUM CIELYIOMNIM 00Pa3OM:
gi; = (ei,e;). B sarom ciydae roBopsr, 9T0 MeTpHKa Ha moBepxHocTH M
WH/Iy[IMPOBaHA METPUKOI 00HEMJIIOIIErO MPOCTPAHCTBA.

Omnpenenenne 15.1 CBA3H0CMb HA3LIBAEMCA CO2AGCOBAHHOT ¢ MEMPUKOT,
eCAU MEMPUKE KOBAPUAHMMHO NOCTNOAHKA 6 CMBLCAE IMOT CEAZHOCTIU:

Vk;gi,j = 0. (151)

OKaBbIBaeTCH, 110 BCAKOM METPpUKE MOXKHO OJHO3HAYHO BOCCTAHOBHUTBL CO-
IJIaCOBaHHYIO C Hel CUMMETPUIHYIO CBA3HOCTD.

Teopema 8 Cywecmeyem, u npumom eQuHCMBENHAA, CUMMEMPUYHAA CEA3-
HOCMDY, CO2AGCOBAHHAA ¢ AaHHOT MEMPUKOT.
Cumsonv, Kpucmoggens amoti c6A310CMU OIUCAANOMCA N0 POPMYAAM:

1 g1 0911 0gi;
Tk == m( J 4 I J) 15.2
i = 99 \ gy * oxd Ot (15:2)
Hoxazameavcmeo. Tlo dopmyie (14.13) umeem
892-7 1
Vigij = 50 ~ L xgts — Ujrgin = 0. (15.3)

[Tepecrapisisi B 9100t (bopMyJie MHACKCDL ¢, ], k, IOy YUM €lIe JIBa, Yy PABHEHUSL:

agk,i
E Féc,jgl,i - Fg,jgk,l =0, (15.4)
Oa
T =T g = Thigis = 0. (15.5)
Cnoxum ypasuenue (15.3) ¢ ypasuenuem (15.4) u Borarem (15.5):
39@;’ 89k,i dg

_d95k ol
Oxk + OxJ ox’ 23913 = 0
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l
k.jo

3bIBaCT €IMHCTBEHHOCTL CBA3HOCTH, COIIACOBAHHOM € MeTpI/IKOfI.

Bripaxast u3 saroro ypasuenust ', .. nosydaem dopmyry (15.2). Do jpoka-

Cy1ecTBoBaHme MPOBEPSIETCsT MPSIMOil OICTaHOBKOI hopmysbl (15.2) B
ypasuenue (15.3).

CBSIBHOCTH M METPHUKA, TO3BOJISIOT JIaTh WHBAPUAHTHBIE OIPEICICHUsT OTIe-
PaTOPOB BEKTOPHOI'O aHAJIU3A.

['paguentom ¢yukiun f HA3LIBAETCS BEKTOPHOE TI0JIE, OIMPEIeIeHHOe CJie-

i_ i Of
(grad f)" =g ]@-

JluBeprennueii BEKTOPHOro 1ojisd v = (V') HA3bIBAETCsI CKAJISID

JYIOIIAM 00pa30M:

dive = V,;v".
Omneparop Jlamnaca onpejesisiercss Kak OOBITHO:
A = div grad,

HO B CJlydae IPOU3BOJILHON CBA3HOCTU OH Ha3biBaeTcs oneparopom Jlamaca-
Benbrpamu.

16 Ten3op kpuBu3Hbl PumaHa

I3 anaju3a uU3BECTHO, YTO YaCTHBIC IPOM3BOJIHBIC TVIAJKAX (DYHKIIMA KOM-
MYTHUPYIOT:

0 0 o 0
oxt Oxl f= oxJ Oxt f

B CJIy4da€ KOBapHUaHTHbLIX IPOU3BOAHbLIX OT IIPOU3BOJIbHbBIX TEH30PHbBIX noJiei

CBOMCTBO KOMMYTATHBHOCTH, BOOOIIE TOBOPsI, HAPYIIAETC:
V.V; # V;V,.

Hns onucanus cBasu Mexay onepaiusamu V;V; u V;V; BBOAUTCH TEH30D
Pumana.

OmmiieM coOTBETCTBYONLYI0 KOHCTPYKIIHIO.

3a1a, MM TPOM3BOILHOE BEKTOPHOE Moje ¢ Kommonentamu v'. Henmocpe-
CTBEHHBIM, XOTsI U BECbMa, IPOMO3IKIM, BbIYUCIECHUEM, HCIOJB3YsT (DOPMYJIY
(14.12), momy1aewm:

(Vle — VZVk>Ui = _R;k’lvs —+ T,f’lvsvi,
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rjae 17, — TeH30p Kpy4eHus, a

i aFil 8Fik i T i T
—R = 5’x’; - 8:1:2 + Dl — Dl (16.1)

Oyukuun R, , sBisioTcss KoMnoHeHtamMn tenszopa tuna (1, 3), sror tensop

HA3bIBAETCS TEH30POM KPUBU3HLI PuMana, nin TeH30poM KpUBU3HLI aduH-
HOIl CBA3HOCTHU.

['eomeTpuuecknii CMbIC TEH30pa, KPUBU3HBI PACKPBHIBAETCsI B CJIEIYIOIIEH
TeopeMe.

Teopema 9 Ilpednoroscum, 4mo c6aA3HOCTNG CUMMEMPUYHA U MEHI0P KPU-
susnol pasen Hyato na M. Toeda awbas mouxa noseprnocmu M umeem
OKPECTHOCTID, 6 KOMOopPoti ModcHo esecmu kKoopdunamo (y') makue, wmo

I (y) = 0. (16.2)

Ecau ceasnocmy cozaacosana ¢ mempukoti, mo 6 cuay gpopmyav, (15.1),
MEMPUYECKUT, MEHIOP 6 YKA3aHHOoT cucmeme Koopounam nocmosHen.

JlokazareibcTBO 9TOi TeopeMbl |7| onupaercst Ha OJUH PE3YJIbTAT THUIA TEO-
pembl OpobeHnyca U JaJIeKO BLIXOJIUT 38 PAMKHU HAIEro Kypca.

KoopuHarsl, B KOTOPbIX CIIPaBEIMBO paBeHcTBo (16.2), HasbiBaoTCst eB-
KIu0BbIME. Eciu nHa nmopepxHoctu M MOXKHO BBECTH €BKJIMJIOBBI KOOPIHHA-
Thl, TO TeH3op Pumana paBen mymio. Ecnu ¢BA3HOCTH coryiacoBaHa ¢ MeTPH-
KO, TO B €BKJIMJOBBIX KOOPJIWHATAX METPUIECKWI TEH30D MOCTOSHEH. DTO
JacTUIHO obpalaer reopemy 9.

[lepeuncnum cuMMeTpun TeH30pa KPUBU3HDI.

1) Crpapeaso pasencrso R, = —R. ;.

2) st CAMMETPUYHOI CBSI3HOCTH MMEET MECTO TOXK JIeCTBO:

i i i
R+ R+ R =0.

3) 151 cBA3HOCTH, COIVIACOBAHHOI ¢ METPUKOI g; j, BBEJIEM TEH30D Risri =
T
giaTRS,kJ' TOI‘,ILa
Risii = —Rsik

4) st TeH30pa KPUBU3HBI CHMMETPUYHON CBSIBHOCTH, CONIACOBAHHOM ¢
METPUKOMR g; j, UMEETCsI CeyIOnas CUMMETDHS:

Riski= Riiis,

2y ba A

35



" CIIpaBe€AJINBO TOXK/JIECTBO BbHHKI/I:
T T T
ViR o+ ViR .+ ViR, . = 0.

Bee smu dakThl ciepyior HenocpeacTeerno u3 dgopmysibr (16.1). Oxnako
UX yJIOOHO BBIBOJIUTH UCIOJIB3Ys 1pejjiokenue 14.3.
JeficTBUTENBHO, TPEITOT0XKIM, UTO F;.’k(i") = 0. Torma

L0 TP L VO
— Ry, (2) = 651:’; (2) - W(x) (16.3)
Ecitn ipu 910M CBSI3BHOCTH COMVIAcOBaHa € MeTPUKOii, 1o B cuiy (15.1) Mbl
MMEEeM -
(i) = 0,

aro 1nospoJisier u3 pasecrs (16.3) u (15.2) BbiBectu dopmyaty

2 2 2 2
Rigri(2) = E(M(@) M(@) _ M(i‘) _ M(@))_
o 2 \0x10z" Oxtox! Ox10x! Oxioxk
Eciu ¢BSI3HOCTD CUMMETPUYHA ¥ COIVIACOBAHA C METPHUKOIA, & IOBEPXHOCTD
M tpexMmepHa, TO, B CHIy MEePeIUCIeHHBIX CAMMEeTPHii, Ten3op Pumana Brnosne
oIpeJiesiseTcs 110 KOMIOHEeHTaM Tensopa Pudun: Ry, o = R}%i,s, Ry s = R .
D10 cienyer U3 GOPMYJIhI

Ropre = Rangse — Raos9pn

R
+ R3 590y — R~Gas + 5(9@,59@7 — Jan935),

3jech R = gk’sRSJC — CKaJIsipHasi KPUBU3HA.

B ciaydae aByMepHO MOBEPXHOCTH y TeH30pa Pumana mmeeTcss TOJbBKO
onHa (C TOYHOCTBIO JI0 CUMMETpHii) HEeHyIeBas KOMIOHeHTa Ry 91 9. [TosTomy
Ten3op Pumana BrosHe onpejiesisieTcs CKaJaspHOi KPUBU3HOIN:

Cumvmerpuu 3) u 4) TO3BOJISIIOT pACCMAaTPUBATh TeH30p PrMana Kak KBaJI-
paTuuHyo (opMy Ha MIPOCTPAHCTBE KOHTPABAPUAHTHLIX KOCOCHMMETPHUUE-
CKMX TEH30POB BAaJICHTHOCTH jBa. Beam w'’/ — TeH30p yKasaHHOTO THIMA, TO
3HAUEHUE KBaJIPATUYHON (DOPMbI HAa HEM OIIpeJiesisiercs CeylonuM obpa-
30M:

R jaw It
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['oBopsiT, uTO MoBepxHOCTL M uMeeT OTpPHUIATENbHYIO KPUBU3HY, €CJIU DTa
KBaJipaTuyiHasi (popMa OTPUIATEILHO Olpe/ie/ieHa.

3amaga 16.1 Jloxaocume, 4mo 6 cayuae CuMMempuHot C8A3HOCTIU EPHA

bopmyaa
(ViVi = ViVi)a, = a, R, — R, a;,

)

i — womnomnenmor menszopa muna (1,1).

ede a
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